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GROUP-KINETIC THEORY OF TWO-PHASE TURBULENCE 
C.M. Tchen 
Department of Mechanical Engineering 
City College of New York 
New York. N.Y. 10031, USA 
Abstract 
The t w o  p h a s e s  are governed by t w o  coupled  sys tems 
of Navier-Stokes equa t ions .  The c o u p l i n g s  are n o n l i n e a r .  
These e q u a t i o n s  d e s c r i b e  t h e  microdynamical  s t a t e  o f  t u r -  
b u l e n c e ,  and are  t ransformed i n t o  a master equa t ion .  By 
s c a l i n g ,  a k i n e t i c  h i e r a r c h y  i s  generated i n  t h e  form o f  
g r o u p s ,  r e p r e s e n t i n g  t h e  s p e c t r a l  e v o l u t i o n ,  t h e  d i f f u s i -  
v i t y ,  and t h e  r e l a x a t i o n .  T h e  loss o f  memory in formula- 
t i n g  t h e  r e l a x a t i o n  y i e l d s  t h e  c l o s u r e .  The network of 
s u b - d i s t r i b u t i o n s  t h a t  p a r t i c i p a t e s  i n  t h e  r e l a x a t i o n  i s  
s i m u l a t e d  by a s e l f - c o n s i s t e n t  porous medium, so t h a t  t h e  
a v e r a g e  effect  on  t h e  d i f f u s i v i t y  is t o  make it approach 
e q u i l i b r i u m .  The k i n e t i c  e q u a t i o n  o f  t u r b u l e n c e  i s  d e r i v e d .  
The method o f  moments r e v e r t s  it t o  t h e  continuum. The 
e q u a t i o n  of s p e c t r a l  e v o l u t i o n  i s  o b t a i n e d ,  and t h e  t r a n s -  
p o r t  p r o p e r t i e s  (eddy d i f f u s i v i t y  and eddy v i s c o s i t y )  are 
c a l c u l a t e d .  I n  i n e r t i a  t u r b u l e n c e ,  t h e  Kolmogoroff l a w  
fo r  t h e  weak coup l ing  and t h e  spec t rum k - '  for  t h e  k-5/3 
s t r o n g  c o u p l i n g  are found. The d e n s i t y  f l u c t u a t i o n s  have 
s i m i l a r  s p e c t r a .  The  numer ica l  c o e f f i c i e n t s  a r e  determined 
a n a l y t i c a l l y ,  
1. Introduction 
T h e  mot ion  of s m a l l  p a r t i c l e s  i n  a n  incompress ib l e  
t u r b u l e n t  f l u i d  is  i m p o r t a n t  fo r  many a p p l i c a t i o n s  (Soo, 
19671, a n d  from t h e  fundamental  p o i n t  o f  view h a s  a t -  
tracted t h e  a t t e n t i o n  of many a u t h o r s  as a s t a t i s t i c a l  
problem of many bod ies .  The ea r l i e s t  t r e a t m e n t  o f  sus-  
pension (Tchen, 1947) used  t h e  Langevin e q u a t i o n  (Langevin,  
1908) 
v 
dv"(t) u + d V  C ( t )  = X v ( t )  
d t  II - 
for  t h e  mot ion  o f  a s i n g l e  p a r t i c l e ,  where  G ( t )  i s  t h e  
v e l o c i t y  f l u c t u a t i o n ,  av i s  t h e  c o u p l i n g  c o e f f i c i e n t ,  a n d  
$t) is  t h e  d r i v i n g  f o r c e .  A second Langevin e q u a t i o n  
may a l s o  be w r i t t e n  f o r  t h e  Lagrangian  r e p r e s e n t a t i o n  of 
-. 
- 
t h e  modified f l u i d .  
The d r i v i n g  force is  due t o  t h e  d r a g  t h a t  i s  e x p e r i -  
enced by t h e  p a r t i c l e  from t h e  moving f l u i d .  I t  i s  pro- 
p o r t i o n a l  t o  t h e  f l u i d  v e l o c i t y  G ( t )  as av; ( t ) ,  and may 
inc lude  a Basset memory. The i n t e r a c t i o n  of many p a r t i c l e s  
cal ls  f o r  a sys t em o f  many coupled  Langevin e q u a t i o n s  
(Herczyfiski and Piebkowska, 1980; Mazur, 1982; Deutch 
and Oppenheim, 1 9 7 1 ;  E r m a k  and McCammon, 1978; R a m s h a w ,  
1 9 7 9 ) .  
- - 
From t h e  Langevin e q u a t i o n  w i t h  a d r a g  and a memory, 
Tchen (1947)  c a l c u l a t e d  t h e  Lagrangian c o r r e l a t i o n s  of  
1-2 
t 
velocities and found the e q u a l i t y  
... )> =f&(%(t )~( t -~) )  4 e . (2 )  
0 
A f l u c t u a t i n g  f u n c t i o n  
f i  
0 = 0 + ii 
can  be decomposed i n t o  a n  ensemble ave rage  
and a f l u c t u a t i o n  ( - 1 .  The o p e r a t o r s  
- A 
A = A + ' Y A  
( 3 )  
(5) 
may be used for  t h e  s c a l i n g ,  where i= 1 is  t h e  u n i t  opera-  
to r .  
By t h e  use  of t h e  e v o l u t i o n  o p e r a t o r s  
A 4 
U V ( t , t - T  ) and U U ( t , t - r  ) 
t o  s p e c i f y  t h e  t ra jector ies  of t h e  & f l u c t u a t i o n  a n d  t h e  
u - f l u c t u a t i o n ,  r e s p e c t i v e l y ,  w e  can w r i t e  t h e  Langevin 
e q u a t i o n  (1) and t h e  e q u a l i t y  ( 2 )  as  
- 
- 
1-3 
and 
The f l u c t u a t i n g  o p e r a t i o n  makes t h e  q u a n t i t y  which 
fol lows t o  be  a f l u c t u a t i o n .  The f o r c e  Z v ( t - ~ )  i n  (7) 
i s  registered a t  t h e  t i m e  t - T and a t  the  p o s i t i o n  z ( t - T )  ... 
by an observer r i d i n g  on t h e  p a r t i c l e  t h a t  f o l l o w s  t h e  
p e r t u r b e d  t r a j e c t o r y  of the . c -mot ion ,  w h i l e  a t  t i m e  t ,  
t h e  f o r c e  i s  
* 
The i n t e g r a l s  
1 d t  ( G ( t , x ) x 6 v ( t , t - t  ) G ( t - r  1) 
0 ... Y .... 
and 
c a n  be ca l l ed  d i f f u s i v i t i e s .  The c o r r e l a t i o n  f u n c t i o n s  are 
1-4 
1 
calculated from the velocity fluctuations at the two in- 
stants along their own trajectories, as specified by the 
evolution operators ( 6  1 . 
With this distinction between 
A A 
uv(t,t-t)u(t-t) .I, and Uu(t,t-')c(t-T * ) , (12) 
the quantity 
P 
as formed by the 6-fluctuations along the &trajectory, 
is not a diffusivity as a property, but is a functional 
of the diffusivity (11). In this sense, the Langevin 
equation (7) and the kinematic relation ( 8 )  are in fact 
nonlinear. The nonlinearity arises from the transforma- 
tion between the evolution operators ( 6 ) .  
* .I- 
The diffusivity in the operator form calls for the 
need for a Lagrangian-Eulerian transformation (Pismen and 
Nir, 1978; Reeks and McKee, 1984; Gitterman and Steinberg, 
1980; Gouesbet et al., 1984). It soon becomes clear that 
without the dynamical knowledge of turbulence, the trans- 
formations between the Lagrangian and Eulerian representa- 
tions and between the two evolution operators can not be 
successful. 
1-5 
The t r e a t m e n t  of many i n t e r a c t i n g  p a r t i c l e s  a n d  t h e  
t r a n s p o r t  t h e o r y  of t h e  s t o c h a s t i c  sys tem b e l o n g  i n  a 
n a t u r a l  way t o  t h e  many-body s t a t i s t i c a l  mechanics  (Bogo- 
l i u b o v ,  1962). Yanko (1980) h a s  sugges t ed  Bogol iubov ' s  
method f o r  t r e a t i n g  t h e  suspens ion  of p a r t i c l e s .  The 
method is  b e s t  s u i t e d  for  a system of large numbers of particles 
t h a t  i n t e r a c t  t h rough  t h e i r  own p o t e n t i a l  of i n t e r a c t i o n ,  
e.g. t h e  Coulomb p o t e n t i a l  i n  plasmas,  b u t  i s  n o t  w e l l -  
developed f o r  t h e  i n t e r a c t i o n  among t h e  p a r t i c l e s  i n  a 
f lowing f l u i d .  I t  would be  more p e r t i n e n t  t o  d e s c r i b e  
t h e  i n t e r a c t i o n  by a sys tem of many Langevin e q u a t i o n s .  
f o r  t h e  many p a r t i c l e s  embedded i n  t h e  i n c o m p r e s s i b l e  
flow. 
I f  w e  are n o t  concerned w i t h  t h e  microdynamics of 
t h e  i n t e r a c t i o n s  and t h e  microhydrodynamics o f  t h e  i n -  
t r i n s i c  v i s c o s i t y  i n  o u r  t h e o r y  o f  t u r b u l e n c e ,  w e  c a n  
choose an  e f f e c t i v e  f r i c t i o n  c o n s t a n t ,  such  as t h e  Darcy 
damping f o r  t h e  ensemble o f  Langevin e q u a t i o n s  treated 
as  a porous medium. Through t h e  t r a n s f o r m a t i o n  i n t o  t h e  
Fokker-Planck e q u a t i o n ,  and t h e  subsequent  r e d u c t i o n  i n -  
t o  t h e  continuum, w e  w i l l  o b t a i n  t w o  sys tems o f  Navier- 
S tokes  e q u a t i o n s  fo r  t h e  t w o  phases ,  w i t h  t h e  e f f e c t i v e  
coup l ing  c o n s t a n t s  as  g i v e n  pa rame te r s .  These sys t ems  
d e s c r i b e  t h e  microdynamical s t a t e  of two-phase t u r b u l e n c e .  
For t h e  development of a t h e o r y  of t u r b u l e n c e ,  t h e  
d i r e c t  hydrodynamic method h a s  shown t h e  d i f f i c u l t i e s  of 
1-6 
I 
t h e  c l o s u r e  of h i e r a r c h y  from t h e  s t a r t  o f  t h e  problem 
(Genchev and Karpuzov, 1980; Elgobashi  and Abou-Arab, 
1981). The s t a t i s t i c a l  method by Bogoliubov’s approach 
w i t h  t h e  c l o s u r e  a t  t h e  t r i p l e t  d i s t r i b u t i o n  seems un- 
s a t i s f a c t o r y  f o r  t u rbu lence .  F o r  t h i s  r eason ,  w e  deve lop  
a g r o u p - k i n e t i c  method t o  d e r i v e  t h e  k i n e t i c  equa t ion  for  
t h e  d i s t r i b u t i o n  func t ion  i n  t h e  macro-group. The c l o s u r e  
i s  found by memory loss.  W e  i n v e s t i g a t e  t h e  eddy v i s c o s i t y  
and a n a l y z e  t h e  s p e c t r a l  s t r u c t u r e  of tu rbu lence .  
It is  g e n e r a l l y  be l ieved  t h a t  a s m a l l  amount of  
p a r t i c l e s  p r e s e n t  i n  t h e  f l u i d  w i l l  d r a s t i c a l l y  reduce 
t h e  drag  o f  t h e  f l u i d .  The l a b o r a t o r y  measurement of t h e  
t u r b u l e n t  i n t e n s i t y  indeed shows a d e c r e a s e  o f  f l u i d  t u r -  
b u l e n c e  w i t h  t h e  i n c r e a s i n g  c o n c e n t r a t i o n  o f  p a r t i c l e s  
( E l g o b a s h i  and Abou-Arab, 1 9 8 3 ) .  O t h e r  measurements of 
t h e  e n e r g y  spec t rum i n  t h e  i n e r t i a  t u r b u l e n c e  confirm t h e  
Kolmogorof f law k-’j3, b u t  show unexpected ly  an  inc reased  
s p e c t r a l  l eve l  (Goldschmidt, 1 9 7 2 ) .  To l i f t  t h i s  paradox, 
w e  i n v e s t i g a t e  t h e  i n e r t i a  t u rbu lence  w i t h  s t r o n g  coup l ing  
and weak c o u p l i n g .  I n  t h e  d i r e c t i o n  o f  i n c r e a s i n g  wave 
numbers ,  o u r  r e s u l t s  show t h a t  t h e  s p e c t r a l  l a w  k-’ f o r  
s t r o n g  c o u p l i n g  precedes t h e  s p e c t r a l  t a i l  of power 
weak coupl ing.  The power law k-’ l a w  k -5/3 f o r  
by t h e  p a r t i c l e s  and t h e  power l a w  k-”’ is i n c r e a s e d  by 
t h e  p a r t i c l e s .  The tendency of t h i s  s h i f t  from reduc t ion  
t o  i n c r e a s e  i s  i n d i c a t e d  by t h e  l i d a r  measurement i n  t h e  
i s  reduced 
1-7 
atmosphere b e f o r e  and af ter  t h e  r a i n  (Gurvich and Pokasov, 
1972). 
2. Fundamental equations o f  two-phase flow 
We c o n s i d e r  t w o  f lu ids ,  c a l l e d  t h e  two-phases v and 
u. Both f l u i d s  are governed by t h e  Navier-Stokes e q u a t i o n s  
w i t h  coupl ing,  i n  t h e  form 
8, i;, + v *  p,v = 0 
for  t h e  v e l o c i t y  c ,  t h e  p r e s s u r e  e,, and t h e  d e n s i t y  c , ,  
u 
and 
A f i  A A A n *  + u * V ) u  = -Vpu  -Tu n (u-v) 
" - -  - * m e  
for  the  v e l o c i t y  6, t h e  p r e s s u r e  Su, and t h e  d e n s i t y  6u. 
The coupling c o n s t a n t s  are y,,yu. 
- 
By d e f i n i t i o n ,  t h e  m a s s  d e n s i t i e s  
can be w r i t t e n  as t h e  product  of masses m,, m u ,  w i t h  t h e  
1-8 
I 
number densities G, fi,. The kinematic viscosities u, vu 
are not written here since they are negligible as com- 
pared with the eddy transport properties, but will be in- 
cluded in the energy considerations. 
The two fluids are incompressible, but the coupling 
depends on the density. In investigations of this kind, 
we allow for the variation of density insofar as it modi- 
fies the coupling only. This procedure is called the 
Boussinesq approximation (Chandrasekhar, 1983). Thus, in 
eqs. (14)-(17) we replace ;, 5, by their stationary values 
p,, p, and reduce the hydrodynamic systems into the follow- 
ing : 
(i) for the v-phase 
I 
with 
f i  
Q - v  = 0 
- . c  
1-9 
(ii) for the u-phase 
574 = 0 
with 
The coupling coefficients 
fluctuate by the fluctuating number-densities, and the 
stationary coupling coefficients are 
The normalized densities 
1-10 
are t h e  d e n s i t i e s  ii,#iiu normalized by t h e  ' s t a t i o n a r y  v a l u e s  
" ~ 8  
The s t a t i o n a r y  q u a n t i t i e s  are w r i t t e n  w i t h o u t  t h e  
symbols (3).  
I t  i s  t o  be remarked t h a t  t he  Navier-Stokes e q u a t i o n s ,  
i n  t h e  form (14)- (17)  o r  (19)  - ( 2 6 ) ,  are v a l i d  f o r  t w o  g a s e s  
of number-densi t ies  ( 2 9 )  or for t w o  l i q u i d s  of d e n s i t i e s  
( 1 8 ) .  I n  t h e  s p e c i a l  case of the suspens ion  of p a r t i c l e s  
i n  a l i q u i d ,  where t h e  coupl ing  is  due t o  t h e  f r i c t i o n  o f  
t h e  p a r t i c l e s  o n l y ,  w e  have t h e  s i m p l i f i c a t i o n  
wi thou t  a l t e r i n g  t h e  form of the b a s i c  e q u a t i o n s  ( 1 9 )  - (26). 
I n  view of t h e  symmetry, it s u f f i c e s  t o  t r e a t  t he  
f i r s t  system and omi t  t h e  s u b s c r i p t  v ,  u n l e s s  needed f o r  
c l a r i t y .  The r e s u l t s  w i l l  equa l ly  apply t o  t h e  second 
system by in t e rchang ing  v and u. - - 
3. Group-kinetic method 
3.1. Master equat ion 
The inhomogeneous p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  (14) 
can be t ransformed i n t o  t h e  homogeneous p a r t i a l  d i f f e r e n -  
t i a l  e q u a t i o n  
1-11') 
called the master equation for the distribution function 
f(t,x,v), with the differential operator - -  
and the notations 
For establishing the self-consistency between the 
master equation and the hydrodynamics of the two phases 
under the Boussinesq approximation, we write 
( 3 4 )  
and 
1-12 
I 
3.2 Group-scal i ng 
The master equation describes the microdynamical state 
of turbulence in too many minute details. A smoothing pro- 
cedure is necessary for a statistical treatment. By the 
Reynolds decomposition ( 3 )  8 we divide 
f i  ry f = 7 + f  (36) 
into an ensemble average 
scaling by 
and a fluctuation E. The group- 
ry 
A = A' + A' 
decomposes the fluctuation 
(c 0 
f = f  + f '  
into a macro-group fo and a micro-group 
f '  = fl' + f" . 
(39) 
The micro-group is re-decomposed into the first-order 
group f' and the group 
1-13 
of sub-distributions. 
The three groups 
f0 , f' f" 
represent the three transport processes of evolution, trans- 
port property, and relaxation. The evolution of fo occurs 
in a medium that offers a transport property as shaped by 
I 
the micro-fluctuation f'. Subsequently, the transport 
property approaches its equilibrium (t -+ m )  by a relaxation i 
I 
from f". The relaxation is a complicated process obtained 
by following the perturbed trajectory and by closing the 
memory chain. The distinction of the transport processes 
( 
provides a physical demarcation in the groups. Mathe- 
matically, the groups are sets of Fourier components, so 
that the intensities of the field fluctuations 
are portions of the spectral distribution G ( k )  within the 
wave number intervals 
T h e  three groups of increasing orders by the scalings 
A' A' 8 A" ( 4 5 )  
do not refer to decreasing magnitudes, but to decreasing 
coherence. Thus, the decreasing times of correlation? by 
the inequalities 
V O 7 =v' 7 tv" I 
will introduce the quasi-homogeneity and quasi-stationarity 
at successive group levels to limit the interactions to 
nearest-neighbours. 
3.3  Hierarchy and c losure  
By A' and A ' ,  we scale the master equation (31) into 
the following equations for t h e  evolution of groups: 
0 -  0 0 -  0 1 1  (It+AL)f = - L f  - A L f  ( 4 7 )  
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and the  sequence continues in a hierarchy. The 
sub-distributions form a g l o b a l  network ( 4 1 )  l i k e  a 
latt ice .  
On the l e f t  hand s i d e s  of ( 4 7 )  and ( 4 8 ) ,  t h e  
advections can be wr i t t en  as 
O A  0 0 0 8  0 A L f  = L f - A  L f 
0 
1 1 1  A L1fl = L1 fl - A L f . 
The notations 
a 1 0 A - L o z  L + L ,  Ll$ L + L  + L  
( 4 9 )  
(50) 
are used. By the approximation of nearest-neighbour 
in terac t ions ,  the l a s t  terms 
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in (47)  and ( 4 8 )  are called collision and sub-collision, 
respectively. Since 
are operators in v, the memory continues. 
4 
Physically, the evolution of fo proceeds in a col- 
lisional environment where the fluctuations by f' can 
shape an eddy viscosity. For its approach to equilibrium, 
this transport property will need a relaxation, where we 
must find a way to cut the memory and thereby to close 
the hierarchy. 
By an inspection of the chain of collisions in ( 5 2 )  
and (53) and of the linkage among the sub-distributions 
in the network (411, we visualize that the memory is at 
the same time essential for maintaining a non-Markovian 
behaviour in the kinetic equation of turbulence, and 
should ultimately vanish for obtaining the closure and 
the irreversibility. It can be seen that the memory con- 
tinues through the v-dependence among the sub-distribu- 
tions linked in the network ( 4 1 ) .  In fact, it is the 
averaged statistical effects that play the role of relaxa- 
tion and controls the evolution of f'. Consequently, we 
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can replace the network by a porous medium that offers a 
friction e", called the Darcy damping (Brinkman, 1947). 
This amounts to replacing \="{ 1 in the role of operator 
by E" as a function independent of v, i.e. 
.c 
This function will be determined self-consistently. In so 
doing, the sub-distributions in the network lose their 
individuality as v-dependent and thereby are not capable 
of linking the memory in the homogeneized lattice that 
turns into a porous medium. 
4. Kinetic equation of turbulence 
By substituting for the sub-collision (55), we trans- 
form ( 4 8 )  into the form 
( at+&j f l  = - L1(f+f") + I' f 1 
or 
1 -  0 ("+Ali I f1  = - L (f+f ) , ( 5 7 )  
with the differential operators 
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The t w o  o p e r a t o r s  d i f f e r  by t h e  Darcy damping c“ for  
r e p r e s e n t i n g  t h e  porous  m e d i u m  a t  large. 
It is  t o  be remarked t h a t  t h e  inhomogeneous e q u a t i o n  
( 5 7 )  can  be i n t e g r a t e d  by means of a k e r n a l  a(t#t - T) , 
called t h e  e v o l u t i o n  o p e r a t o r ,  t h a t  sa t i s f ies  t h e  homo- 
geneous e q u a t i o n  
w i t h  t h e  c o n d i t i o n  c(t,t) = 1. The s o l u t i o n  i s  
By means of t h i s  o p e r a t o r ,  w e  i n t e g r a t e  (57) t o  g e t  
t h e  d i s t r i b u t i o n  
and  c a l c u l a t e  t h e  c o l l i s i o n  (52) a s  
c’{ f o )  2 - A O L 11 f 
A f i n a l  s u b s t i t u t i o n  i n t o  ( 4 7 )  y i e l d s  t h e  k i n e t i c  e q u a t i o n :  
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T h i s  equa t ion  d i f fe rs  from t h e  Bogoliubov e q u a t i o n  and 
i t s  g e n e r a l i z a t i o n  t o  i n c l u d e  t h e  memory (Tchen, 1959), 
and w i l l  serve as  a b a s i s  f o r  d e r i v i n g  t h e  t r a n s p o r t  
p r o p e r t i e s  and t h e  s p e c t r a l  s t r u c t u r e  wi thou t  t h e  need 
o f  t h e  accompanying p a i r - d i s t r i b u t i o n  f u n c t i o n .  
It i s  worth n o t i n g  t h e  fo l lowing  p r o p e r t i e s  of  t h e  
c o l l i s i o n  G' { f o  1 : 
(1) As a c o l l i s i o n  o p e r a t o r  1 i s  d e t e r m i n i s t i c  
and s t a t i o n a r y ,  so t h a t  t h e  upper l i m i t  o f  i n t e g r a t i o n  i n  
( 6 2 )  can be r e p l a c e d  by wi thout  a l t e r i n g  t h e  v a l u e  of 
t h e  i n t eg ra l ,  by 
from (46). 
(ii) The neares t -ne ighbour  i n t e r a c t i o n  approximation 
between groups  i s  v a l i d  by ( 4 6 ) ,  so t h a t  t h e  c o r r e l a t i o n  
of  L' i n  (62) can be r ep laced  by a c o r r e l a t i o n  of L ' .  
(iii) The approach t o  e q u i l i b r i u m  depends on t h e  loss 
of memory by r e l a x a t i o n ,  so t h a t  w e  c a n  w r i t e  
. _  
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BY t h e s e  approximations, w e  transform t h e  collision 
(62 )  i n t o  
where t h e  scaling g i v e s  
0 0 
A ( ? + f e )  = f . 
B y  t h e  commutability 
w e  can w r i t e  the corre la t ion  
and the  c o l l i s i o n  operators 
i n  t w o  cGmponents 
(71a) 
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and 
with  the d i f f u s i v i t i e s  
It is t o  be remarked  t h a t  t h e  a u t o - c o r r e l a t i o n  of 
w i l l  e n t a i l  t h e  a u t o - c o r r e l a t i o n  of XI and of N ' ,  wh i l e  
t h e  c r o s s - c o r r e l a t i o n s  a r e  n e g l i g i b l e .  
I n  conc lus ion ,  t h e  k i n e t i c  e q u a t i o n  (63) w i t h  t h e  
c o l l i s i o n  (66) w i l l  serve as a b a s i s  of a t r a n s p o r t  
t heo ry .  
5. 
5 . 1  Kinet ic form o f  cascade 
Hydrodynamic equations of turbulence and cascade transfer 
The hydrodynamic e q u a t i o n s  ( 1 9 )  and ( 2 0 )  d e s c r i b e  t h e  
microdynamic s t a t e  of tu rbu lence .  They were t r ans fo rmed  
i n t o  a master e q u a t i o n  a s  t h e  s t a r t i n g  p o i n t  of our k i n e t i c  
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t h e o r y .  By g roup- sca l ing  and t h e  c l o s u r e  by memory loss, 
w e  d e r i v e d  t h e  k i n e t i c  equa t ion  of t u r b u l e n c e  (63). By 
the moment method, w e  can  conve r t  t h e  k i n e t i c  r e p r e s e n t a -  
t i o n  back i n t o  t h e  continuum t o  f i n d  t h e  hydrodynamic 
e q u a t i o n s  of t u r b u l e n c e .  as fo l lows:  
and 
0 
v - v  = 0 . 
I t  i s  t o  be s t i p u l a t e d  t h a t  the  macro-k ine t ic  equa t ion  for  
fo is  an i r r e v e r s i b l e  equa t ion ,  and does n o t  a l low t o  be 
r e v e r t e d  from fo i n t o  f^  t o  g e n e r a t e  h igher -order  groups 
of moment, as d i d  t h e  r e v e r s i b l e  master equa t ion  f o r  f^ . 
The d r i v i n g  force i s  
and t h e  hydro'dynamic f o r c e  due t o  t h e  c o l l i s i o n  is 
W e  have added t h e  k inemat ic  v i s c o s i t y  v .  
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BY t70)-(73) , w e  can write 
0 
Jo = Jx 
with 
0 = [dv v ri fo 
JN - 4  
(79) 
Upon multiplying by v o  and averaging, we get t h e  
I 
energy equation 
0 0 0 ( 8 2 )  L b (1' 2, = - T 
2 t  + w  - t  - E  4 v 
We have assumed homogeneity and isotropy, so that 
= 0 - j  
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The p r o d u c t i o n  func t ion  
and t h e  damping f u n c t i o n  
are o r i g i n a t e d  f r o m  t h e  coupl ings .  The d i s s i p a t i o n  
f u n c t i o n  is 
F i n a l l y  t h e  t r a n s f e r  func t ion  
6 
T = - ( , . .Jb> 
It  is  the r e s u l t  of i n t e r a c t i o n  between the macro-dus t r ibu t ion  
and t h e  m i c r o - f i e l d  f l u c t u a t i o n s .  I t  gove rns  t h e  cascade 
flow across t h e  spectrum. 
The i n e r t i s  tu rbulence  i s  governed by 
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where the energy dissipation 
is increased by the drag a. 
From the collision of t w o  components (71), it entails 
the transfer function 
0 6 T = TN + T: 
of two components 
U 
and 
5 . 2  F l u i d  form o f  c a s c a d e  
From the scaling of the fluid equation (19) by A' 
and A ' ,  we get the equation of evolution for  the macro- 
velocity 
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The force of dissipation 
a 0 0 
J = Jx + JN 
u ... * 
has the two components 
0 0 
J., = - 9 - A  V' V" 
e e -  A 
( 9 4 )  
0 0 
= - d A -  N' v' 
JN - 
in contrast to the kinetic form given by ( 8 0 )  and (81) , 
These are due to the stresses 
and 
0 
-A V' V' 
0 
-A N' V '  
(97) 
from the micro-fluctuations, They represent the statistical 
effects of the micro-fluctuations upon the evolution of 
the macro-momentum. 
Upon multiplying (93) by v o  and a - reraging, we get the 
energy equation in the same form as ( 8 2 1 ,  with the transfer 
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f u n c t i o n  also i n  t w o  components now i n  the fluid form: 
i n  c o n t r a s t  t o  t h e  k i n e t i c  form g i v e n  by (91 )  and (92). 
5 . 3  Transport of the gradient type and transport o f  the non- 
gradient type 
The f l u x  (97)  
0 0 - A v' v' = K! j i  1s 'sui 
for  t h e  t r a n s p o r t  of v i  by t h e  v e l o c i t y  f l u c t u a t i o n  v i  i s  
p r o p o r t i o n a l  t o  t h e  v e l o c i t y  g r a d i e n t  Vsup. The t r a n s p o r t  
c o e f f i c i e n t  K! i s  c a l l e d  eddy v i s c o s i t y .  T h i s  t r a n s p o r t  
r e l a t i o n  w a s  used  by Heisenberg  (1948)  t o  r e p r e s e n t  t h e  
f o r c e  of d i s s i p a t i o n  
1s 
i n  t h e  n o t a t i o n  (95)withgrOUpS. I t  served t o  de te rmine  t h e  
t r a n s  fer  f u n c t i o n  
0 
= K' ((v UO)*). 
4 -  
TX (103) 
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The same r e l a t i o n  for  t h i s  t r a n s p o r t  of t h e  g r a d i e n t  t y p e  
is  called t h e  Onsager r e l a t i o n  i n  t h e  thermodynamics of 
i r r e v e r s i b l e  p rocesses .  These phenomenological arguments  
can  n o t  lead t o  t h e  de t e rmina t ion  of t h e  t r a n s p o r t  co- 
e f f i c i e n t ,  for which a k i n e t i c  approach i s  necessa ry .  
T h i s  i s  t r u e  f o r  t h e  eddy v i s c o s i t y  as  w e l l  as f o r  t h e  
molecu la r  v i s c o s i t y .  
By comparing (102)  w i t h  ( 8 0 ) ,  o r  (103)  w i t h  (92), w e  
f i n d  t h e  r e l a t i o n s h i p  i n  t h e  form 
and 
( 1 0 4 a )  
(104b) 
between t h e  c o l l i s i o n  c o e f f i c i e n t  and t h e  t r a n s p o r t  co- 
e f f i c i e n t ,  when they  are independent of v ,  i .e .  a f t e r  t h e  
memory c u t o f f .  The re fo re ,  t h i s  r e l a t i o n s h i p  i d e n t i f i e s  t h e  
c o l l i s i o n s  i n  t h e  c a l c u l a t i o n  of  t h e  r e l a x a t i o n ,  and en- 
a b l e s  t h e  s e l f - c o n s i s t e n t  de t e rmina t ion  of  t h e  eddy vis- 
c o s i t y .  
On t h e  o t h e r  hand, t h e  t r a n s p o r t  
' 0  0 
A N' v' ="'aN v , ... - 
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u n l i k e  -A'v'N', is  n o t  of t h e  g r a d i e n t  t y p e ,  as seen  by 
comparing ( 9 6 )  w i t h  (81). 
.L 
6.  Perturbations of the trajectory 
The Lagrangian c o r r e l a t i o n  
is de f ined  a s  t h e  c o r r e l a t i o n  between t w o  f l u c t u a t i o n s  a t  
t w o  i n s t a n t s  ( t , t  - T) along t h e  t r a j e c t o r y .  The v a r i a b l e  
pos i t i o n  
c o n s i s t s  of an i n i t i a l  p o s i t i o n  
.- --- 
-a 
x ( t )  = X I  
Y ... 
4 
a f r e e  f l i g h t  V T ,  and a p e r t u r b e d  p a t h  
Y 
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BY F o u r i e r  decomposi t ion,  w e  have t h e  f i e l d s  
I and t h e  c o r r e l a t i o n  
The o r b i t  f u n c t i o n  i s  i 
by (111) and ( 1 0 7 ) .  
I f  t h e  F o u r i e r  decomposition i s  made i n  an  i n t e r v a l  
I of t i m e  2 T and a n  i n t e r v a l  of l eng th  2 L i n  t h r e e  dimen- 
I 
I s i o n s  w i t h i n  which t h e  f i e l d  is s t a t i o n a r y  and homogeneous, 
I 
I w e  can ave rage  (112) i n  t i m e  and space ,  i n t e g r a t e  it w i t h  
r e s p e c t  t o  T, t o  obtain t h e  d i f f u s i v i t y  
a s  de f ined  by (72). The f a c t o r  of F o u r i e r  t r u n c a t i o n  i s  
1-3 1 
With a free flight in a frictionless medium, the 
diffusivity 
has a resonance, as is common in linear instability. In 
weak turbulence, the trajectory of X' .L is perturbed by d 
smooth streaming from !Lo-fluctuations. ... 
We deal with a strong turbulence by neglecting W "  
in (114) and reduce it into the form 
where X Z  (n/LI3 is the factor of Fourier truncation with- 
'in the interval of length 2 L  in three dimensions. 
The orbit function (113) has a component 
Y 
from the path fluctuation X ( T ) ,  and can be calculated by 
means of the probability of transition p(~,I1). A theory 
of transition can be developed on the basis of a master 
- 
T 
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e q u a t i o n  by a method s i m i l a r  t o  t h e  one p r e s e n t e d  earlier. 
As a r e s u l t ,  w e  w i l l  e q u a l l y  have a Darcy damping en t o  
r e p r e s e n t  t h e  f r i c t i o n  by t h e  porous medium: 
Analogously,  w e  have 
wi th  .e' by t h e  approximation o f  t h e  nea res t -ne igh -  
bour i n t e r a c t i o n .  F i n a l l y ,  t h e  coup l ing  c o n s t a n t  a e n t e r s  
a s  an  e x t e r n a l  parameter ,  g iv ing  
&'  , 
By c o l l e c t i n g  ( 1 1 9 ) - ( 1 2 1 ) ,  w e  f i n d  t h e  o r b i t  f u n c t i o n  
h =  hd hv hD hl 
wi th  t h e  fo l lowing  components: 
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"r= 
h ( S , k " )  = e 1 
By ( 1 0 4 ) ,  t h e  l a s t  t w o  o r b i t  components c a n  be w r i t t e n  i n  
t h e  form: 
v 2  
h D ( r , k " )  2 exp(-k K " t  ) 
c *L h ( t , k " )  = exp(-k K ' C  ) . 
P 2 
Note t h a t  I =  0 ,  and t h a t  L ' ( T )  is  n e g l e c t e d ,  because  - .-. 
t h e  e v o l u t i o n  o p e r a t o r  
i n  (61) selects t h e  micro-group by A'. It may p l a y  a ro l e  
of s t reaming 
The o n l y  component t h a t  r e p r e s e n t s  t h e  pa th -pe r tu rba -  
t i o n  is hL(T ,k" ) .  I t  performs t h e  p h y s i c a l  role  of r e l a x a -  
- - 
t i o n  for t h e  eddy v i s c o s i t y  K' a s  a t r a n s p o r t  p r o p e r t y  t o  
approach t h e  e q u i l i b r i u m  a t  a s e l f - c o n s i s t e n t  ra te  k"'K'. 
4 
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7, Cascade transfer by eddy viscosity 
BY ( 9 2 )  and (711, t h e  t rans fer  function T! can be 
wr i t t en  i n  the k i n e t i c  form, as follows: 
with  
and 
a; = tr  23' (131) 
X 
5 
In Fourier form, w e  write 
and 
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The d i f f e r e n t i a t i o n  a p p l i e s  t o  t h e  f a s t  v a r y i n g  f u n c t i o n  
h (T ,k' ,v) and n o t  t o  t h e  s lowly v a r y i n g  f u n c t i o n  f ( -  k' , v )  
a s  an approximat ion .  I n  t h e  same manner, w e  w r i t e  
4 -  -... 
from (117)  and (128). 
By c o l l e c t i n g  (133) and (134), w e  t r a n s f o r m  (129) 
i n t o  
Here w e  have t w o  o r b i t  components 
The second component can also d r o p  i t s  v- - 
dependence a f t e r  i t s  d i f f e r e n t i a t i o n  by a 2 ,  so t h a t  
133) 
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In the competition for the dampings, 
component is ineffective, and can be approximated by 
the second 
By the use of (136)-(138), we transform (135) into 
0 
= K I R  . 
By separating the integrals into two parts, we recog- 
nize the vorticity function as 
0 
R = [dk' k'* 3 (vo(kl)- v' ( -k '9  , 
and identify the eddy viscosity as 
A -  
r - 
or as 
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Note t h a t  t h e  d i f f u s i v i t y  as a t r a n s p o r t  p r o p e r t y  
by (117), can  be used as  o p e r a t i n g  on T'. 
8. Eddy viscosity 
We have d e r i v e d  t h e  formulae f o r  t h e  t r a n s f e r  func- 
t i o n  Ti8 t h e  eddy v i s c o s i t y  K', and t h e  o r b i t  f u n c t i o n  
h(T,k",v = 0 ) ,  i n  (139), (1411, and (122), r e s p e c t i v e l y .  
W e  show t h a t  t h e  s p e c t r a l  e v o l u t i o n  i s  c h a r a c t e r i z e d  by 
- - %  
t h e  eddy v i s c o s i t y  K'. T h i s  t r a n s p o r t  p r o p e r t y  approaches 
i t s  e q u i l i b r i u m  by a r e l a x a t i o n  p rocess .  The a n a l y s i s  of 
t h e  p e r t u r b a t i o n s  o f  t h e  t r a j e c t o r y  r e s u l t s  i n  t h e  o r b i t  
func t ion  h(T,k",  v = 0 ) .  
- 4  
F r o m  ( 1 4 1 )  w e  can d i s t i n g u i s h  t w o  eddy v i s c o s i t i e s :  
dk"3 (k")X' (-k"j) 
. . . e -  - K' = tr 
1-38 
They c o n t r o l  t h e  cascade t r a n s f e r  and de termine  t h e  r e l a x a -  
t i o n ,  r e s p e c t i v e l y .  They are energ ized  by t h e  f i e ld  f l u c -  
t u a t i o n s  of spec t rum G(k") , and are c h a r a c t e r i z e d  by t h e  
t w o  t i m e  moments: 
P 
The l a t t e r  i s  t h e  
i n  t h e  form 
8 n 
r2 h(r,k") . 
moment of ht  i n  its role  of r e l a x a t i o n ,  
2 = 2 k" K' , P 
so t h a t ,  by a s u b s t i t u t i o n  i n t o  ( 1 4 5 1 ,  y i e l d s  
The eddy v i s c o s i t y  Kk, as  appearing i n  bo th  sides of 
i s  e q u a l l y  s t a t i o n a r y  and homogeneous s i n c e  it i s  a func- 
t i o n  of k. By grouping  them toge the r ,  w e  s i m p l i f y  (149) 
i n t o  t h e  form 
(la), 
For t h e  c a l c u l a t i o n  of IC', w e  d i s t i n g u i s h  between 
the weak coupl ing  and t h e  s t r o n g  coup l ing  i n  t h e  follow- 
i n g .  
8.1 Weak coupling a<< k"'K; 
In weak coupl ing  w e  n e g l e c t  a i n  (122:) and ( 1 4 6 )  t o  
W e  note t h a t  by i t s  h ighe r  o r d e r  i n  t h e  group,  K"(k") i s  
q u a l i f i e d  t o  p lay  t h e  s a m e  ro l e  o f  r e l a x a t i o n  as  does  
K;(k").  U s e  of ( 1 2 6 )  and ( 1 2 7 )  h a s  been made. 
I t  i s  n o t  d i f f i c u l t  t o  demons t r a t e  t h e  r e l a t i o n  
by d i f f e r e n t i a t i n g  t h e  t w o  eddy v i s c o s i t i e s  ( 1 4 4 )  and 
(150)  and by comparing them. 
1-40 
8.2 Strong coupling k ' I 2 K k < <  a 
The calculation of G(k"), as defined by (1461, is 
more involved. The function has two time scales 
and [ kUs2(K' +K") ] -1 Id 
to distribute. A s  an optimization for  fast approach to 
equilibrium we write 
or 
when K" joins with K; for the relaxation process by its 
qualification of belonging to a high-order group. The 
upper limit T of integration i n  (154) can be put to 
in view of the' condition 
Upon substituting (155) into (144), we find 
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The p r o p o r t i o n a l i t y  a-' 
i n  Brownian motion. 
f u l f i l l s  t h e  E i n s t e i n  c o n d i t i o n  
9. Equation of  state relating pressure and velocity fluctuations 
The t r a n s f e r  f u n c t i o n s  Ti and T! a s  o b t a i n e d  i n  ( 9 1 )  
and ( 9 2 )  depend on N' and XI, r e s p e c t i v e l y .  For Ti, a 
r e l a t i o n  between X '  and v '  i s  needed. I t  i s  a k i n e m a t i c  
r e l a t i o n  wi thou t  i nvo lv ing  dynamical p r o c e s s e s  a n d  i s  
c a l l e d  t h e  e q u a t i o n  of s ta te .  S ince  Ti d e s c r i b e s  a 
momentum t r a n s f e r  a t  t h e  e x c l u s i o n  of  t h e  d e n s i t y  f l u c -  
c 
.L .L 
t u a t i o n s ,  w e  can use  t h e  hydrodynamic e q u a t i o n  ( 1 9 )  w i t h  
A c o n s t a n t  coup l ing ,  i . e .  a 7 a, a s  o u r  b a s i s  of d e r i v a t i o n .  
By t a k i n g  t h e  d ivergence ,  w e  f i n d  t h e  P o i s s o n  e q u a t i o n  
CI v - E  = r , ...- 
with  t h e  sou rce  
(158) 
By F o u r i e r  decomposi t ion,  w e  t r ans fo rm t h e  e q u a t i o n  (158) 
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I 
for the &field into the following equation for the inten- 
sities, as 
- 
It is evident by (159) that the right-hand side will have 
quadruple moments. These will be decoupled into products 
of quadratic ones by the assumption of quasi-normality. 
This is legitimate, since the equation of state deals 
with a stationary, homogeneous, and isotropic state of 
fluctuations, and notwith a dynamic process. We find the 
pressure-velocity relation in the form: 
The details of the derivation which uses 
method are omitted here. 
For the sake of brevity, it will be 
introduce the notation 
A A 
* .. - . - +  with w =  (;,$,$,XI. We find 
(161) 
the Fourier 
convenient to 
< =(ro2) V (163) 
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and 
0 0 
= % +o(; \ 
from (160) and ( 2 2 ) ,  r e s p e c t i v e l y .  
By s u b s t i t u t i n g  (161) i n t o  (163) and s u b s e q u e n t l y  
i n t o  (164), w e  t r a n s f o r m  it i n t o  
By d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  k ,  w e  o b t a i n  t h e  
fo l lowing  r e l a t i o n  between t h e  s p e c t r a :  
T h i s  r e l a t i o n  w i l l  s e r v e  i n  t r ans fo rming  t h e  t r a n s p o r t  
c o e f f i c i e n t s  8 ;  and  K '  t h a t  w e r e  w r i t t e n  i n  terms o f  X '  
u 
i n t o  t h o s e  i n  t e r m s  o f  v e l o c i t i e s .  
d e n s i t i e s ,  g i v i n g  t h e  s p e c t r a l  i n t e n s i t i e s :  
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10. Spectral structure of velocity fluctuations 
10.1 Inertia turbulence w i t h  weak coupling 
I 
The i n e r t i a  t u r b u l e n c e  i s  governed by t h e  cascade  
f l o w  a t  t h e  c o n s t a n t  ra te  o f  d i s s i p a t i o n .  If  t h e  c o u p l i n g  
i s  n e g l i g i b l e ,  i.e. 
t h e  t w o  phases  are sepa ra t ed .  
The s p e c t r a l  flow i s  governed by 
and i s  independent  of a. The small-scale t r a n s f e r  i s  
chosen ,  because w e  a r e  t r e a t i n g  t h e  range n e a r  t h e  d i s s i -  
p a t i o n  end  of  t h e  spectrum. 
The e x p r e s s i o n  (150)  f o r  t h e  eddy v i s c o s i t y  Ki i n  
terms of t h e  spectrum G(k) of t h e  f i e l d  spectrum can be 
c o n v e r t e d  i n  t e r m s  of t h e  v e l o c i t y  spectrum F,(k) by t h e  
e q u a t i o n  of s t a t e  ( 1 6 6 )  w h i c h  i s  
i n  weak coup l ing .  W e  f i n d  
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T h i s  leads t o  K' by t h e  r e l a t i o n  (152) .  
By t h e  use  of t h e  formula f o r  K', t h e  s p e c t r a l  
ba l ance  (171) y i e l d s  t h e  following results:  
2/3 k-5/3 Fv(k) = 1.633 tv 
= 0.408 t ,  1/3 k-4/3 
and,  by a n  i n t e r c h a n g e  of i n d i c e s  v , u ,  
FUR) = 1.633 EU 2/3 k'5/3 
1/3 k-4/3 = 0.408 E U  K: 
The numer ica l  c o e f f i c i e n t s  are p r e d i c t e d  a n a l y t i c a l l y ,  
and  are i n  good agreement  w i t h  t h e  b e s t  e x p e r i m e n t a l  
v a l u e s .  
The - 5 / 3  l a w  i s  i d e n t i c a l  t o  t h e  Kolmogoroff l a w ,  
e x c e p t  t h e  ra tes  of d i s s i p a t i o n  € " , E , ,  are  augmented by 
t h e  drag  c o e f f i c i e n t s ,  by ( 8 9 ) .  Such an increase has been f m d  in 
exper iments ,  where t h e  c o u p l i n g  c o e f f i c i e n t s  a r e  small  
t o  s a t i s f y  t h e  c o n d i t i o n  (1791, b u t  n o t  so s m a l l  a s  t o  
be n e g l i g i b l e  i n  (89 )  (Goldschmidt ,  1 9 7 2 ) .  
1-46 
10.2 Inertia turbulence with strong coupling 
In strong coupling, i.e. 
the spectral flow is governed by equation (1711, rewritten 
as 
0 0 
Tx,v = KG €(, 
f o r  the v-phase. 
.4 
The vorticity function is 
0 k 
= 2/ dk' kU2 Fv(kI) . 
0 Rv 
(179) 
(180) 
The eddy viscosity K; is given by (157) in terms of the 
spectrum G,(k). It can be converted in terms of the spec- 
trum F,(k) by means of the equation of state (166), which 
becomes 
GvOc) a2 FuOc) 
in strong coupling. We get 
-4 dk" k" FU(k") [ 25 (k") I -2 
#V I 
(181) 
(182) 
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I w i t h  
by (173) .  
The  system (1791, (1801, (182Iand (183) gove rns  t h e  
v-cascade. A p a r a l l e l  sys t em g o v e r n s  t h e  6-cascade, and  
is o b t a i n e d  by i n t e r c h a n g i n g  and  6. The t w o  sys t ems  
a re  coupled. 
By o m i t t i n g  t h e  d e t a i l s  o f  c a l c u l a t i o n ,  w e  o b t a i n  
t h e  fo l lowing  r e s u l t s :  
2 k-l Fv(k) = A u  
o ( L  
2 k-l FU(jc) = A v 
d i s -  
-1 
(v /ut ) k -* Kc = d V €  
w i t h  t h e  f r i c t i o n  v e l o c i t i e s  
The numerical  c o e f f i c i e n t  i s  p r e d i c t e d  a s :  
I 1-48 
 
A = 8 / $ 3  . (189) 
d 
The solutions can be obtained by a method of verification 
using a power law spectral distribution. 
11. Spectral structure of density fluctuations 
The kinetic equation (63) is valid for density fluc- 
tuations, by definition (35). By taking the zeroth moment, 
we find the equation of evolution 
Upon multiplying it by N o  and averaging, we derive the 
equation of spectral flow 
This is governed by the production function 
the dissipation function 
by molecular d i f f u s i v i t y  vN, and the  t r a n s f e r  function 
The t r a n s f e r  function 
0 0 0 =9( +ob N (195) 
has again t w o  components 
By t h e  same procedures a s  were used for der iv ing  
the v e l o c i t y  t r a n s f e r ,  w e  f i n d  the  components 
= K' ( ( v ~ ? ) ~ >  
for the d i r e c t  cascade and f o r  the  reverse cascade,  re- 
spec t ive ly .  
The i n e r t i a  turbulence for the  d i r e c t  cascade i s  
governed by the  spec tra l  flow 
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I 
0 
2 K' ((.N 0 2  ) ) =  
N '  
rr 
where K' has  been d e r i v e d  i n  (152)  and ( 1 8 3 )  f o r  t h e  weak 
coup l ing  and t h e  s t r o n g  coup l ing ,  r e s p e c t i v e l y ,  and 
c N  = E: (k = - 1 .  
W e  f i n d  t h e  fo l lowing  r e s u l t s  f o r  t h e  spec t rum 
FNrV (k) of fi ,-f luctuations,  as fol lows:  
The parameter  i s  
I' By an i n t e r c h a n g e  of t h e  s u b s c r i p t s  v , u ,  w e  f i n d  
t h e  spectrum F, (k) of i , - f l u c t u a t i o n s  as fo l lows:  
? U  
w i t h  
(206) 
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12. Summary and discussion 
12.1 Criteria o f  chaos 
A n o n l i n e a r  d i s s i p a t i v e  system c a n  be r e p r e s e n t e d  
by t h e  e q u a t i o n  of e v o l u t i o n  i n  t h e  f o r m  ( rea l  or  com- 
p l ex ) ,  as f o l l o w s :  
w i th  
A f i  
M = M  + M  
1 n/Q 
where '! i s  a n  unknown random f u n c t i o n  ( sca l a r  or  v e c t o r ) ,  
M I  i s  a non-random l i n e a r  d i f f e r e n t i a l  o p e r a t o r ,  and MnQ 
i s  a d i f f e r e n t i a l  o p e r a t o r  t h a t  c a u s e s  n o n l i n e a r i t y  by 
invo lv ing  9 o r  a n o t h e r  random f u n c t i o n ,  l i n e a r  o r  non- 
l i n e a r .  The d r i v i n g  force c o n s i s t s  o f  t h e  component ?self 
t h a t  is r e d u c i b l e  t o  I by a s e l f - c o n s i s t e n c y  c o n d i t i o n ,  
and t h e  component Xext t h a t  i s  e x t e r n a l l y  g i v e n  and i s  
random. The hydrodynamic e q u a t i o n s  o f  t w o  phases ,  t h e  non- 
l i n e a r  p r o p a g a t i o n  of l i g h t  and of s o l i t o n s ,  and t h e  dy- 
namics  of  neurons 
A 
A 
f a l l  i n t o  t h i s  c a t e g o r y .  
T h e  hydrodynamic equa t ion  i s  inhomogeneous and there 
is an advantage  i n  t r ans fo rming  it i n t o  t h e  homogeneous 
equat ion  
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t 
of higher dimensions, called the master equation. The 
differential operator is 
with a = a / a + .  The random differential operator in (207) 
is transformed into a non-random differential operator M 
in (210). The field 2 that was a driving force in (207) 
becomes the only random convection in (210). 
By writing 
and by taking the moment of (2101, we recover the hydro- 
dynamic equation (207) and show the self-consistency of 
the master equation. 
The hydrodynamic equation and the master equation 
can serve to describe the microdynamical state of tur- 
bulence. From the theory of universality of chaos, it 
will be interesting to know whether such a system can 
develop chaos and yield a broad spectrum. The theory of 
chaos is not yet able to predict the criteria. The hydro- 
dynamical closure by the degeneration of high orders into 
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lower orders can not find physical support. With the lack 
of a small parameter in turbulence, the kinetic method by 
Bogoliubov can not justify its closure. In our group- 
scaling method, we scale the master equation into a 
hierarchy of equations for the macro-group, micro-group, 
and sub-microgroup, representing the spectral evolution, 
the transport property, and the relaxation. The last 
process is represented by a network of random higher- 
order distributions. By the successive collisions, the 
distributions in the network lose their memory, and as 
an ensemble can be simulated by a porous medium which 
then closes the hierarchy by a self-consistent condition. 
The relaxation thus formulated makes the transport 
property approach its equilibrium. Hence, the kinetic 
equation is obtained. By the return to the continuum, 
we calculate the transport coefficients, and determine 
the spectral structure. 
We find a direct cascade and a reverse cascade. If 
one or both cascades can find their spectral balance 
from the equation of spectral flow, the chaos can de- 
velop into a broad spectrum. 
12.2 Dusty gas 
For a dilute suspension, where the particles are 
not sufficiently dense to produce a pressure, such that 
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A 
A h  
dv >> Ev (213) 
w e  s i m p l i f y  t h e  system (19)-(21) for  t h e  v-phase i n t o  
w i t h  
w h i l e  w e  keep  t h e  system for t he  u-phase i n  t h e  o r i g i n a l  
form (23)- (26). These two new s y s t e m s  c o n s i t u t e  t h e  
' d u s t y  gas '  model by Saffman (1962). 
The spec t ra l  r e s u l t s  f o r  t h e  d u s t y  gas can  be de- -- 
r i v e d  by a d e g e n e r a t i o n  o f  ou r  g e n e r a l  f o r m u l a t i o n ,  under  
t h e  c o n d i t i o n  (213). 
When we f u r t h e r  n e g l e c t  the c o u p l i n g  i n  ( 2 1 4 1 ,  w e  
o b t a i n  t h e  Burgers  equa t ion  
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and t h e  d i f f u s i o n  e q u a t i o n  
The t r e a t m e n t  of t u r b u l e n c e  on t h e  b a s i s  o f  t h e  homogene- 
o u s  B u r g e r s  equa t ion  can  be made by f o l l o w i n g  t h e  pro- 
cedures  related t o  t h e  master e q u a t i o n .  
12.3 Reduction o f  turbulence by the particles 
The power l a w  
f o r  t h e  eddy v i s c o s i t y  h a s  been suggested by P r a n d t l  f o r  
t u r b u l e n t  boundary l a y e r s  w i t h  a mean v e l o c i t y  g r a d i e n t  
IViI. With t h i s  eddy v i s c o s i t y  and  t h e  e q u a t i o n  of spec-  
t r a l  b a l a n c e  i n  t h e  form 
* -  
0 
u f  = €  5 RU 
w e  f i n d  t h e  spectrum 
FU(k) = A u k - l  f 
r ' f  
where uy i s  
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and % i s  a ni merical c o e f f i c i e n t .  The power law (209 I 
confirms t h e  earlier p r e d i c t i o n  by Tchen (19538 1954). 
This  l a w  h a s  been observed i n  t h e  a tmospher ic  boundary 
l a y e r s  (Tchen e t  al., 1985) and i n  t h e  t ropopause ( o t t e n  
e t  al,, 1982) 
I t  i s  i n t e r e s t i n g  t o  note  the  analogy between (185) 
and (221) t h a t  can suggest  t h a t  a shear flow w i t h  t h e  
combined e f f e c t s  of 1V.l and a w i l l  have a reduced spec- 
trum. T h i s  r e d u c t i o n  can be seen from t h e  l i d a r  measure- 
ments i n  t h e  atmosphere before  and a f t e r  t h e  r a i n  
(Gurvich and Pokasov, 1972). 
- *  
12.4 E q u a l i t y  o f  t r a n s p o r t  c o e f f i c i e n t s  
We choose a s t rong  coupling where t h e  governing 
parameters  are a", au. By t h e  u se  of P r a n d t l ' s  formula, 
w e  w r i t e  -  
and o b t a i n  
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and similarly, 
The numerical coefficients are not determined in our di- 
mensiona.1 reasonings. These spectral distributions occur 
in a range where the transfer balances the production and 
where avt  au are the only dominant parameters. 
We rewrite the formula ( 1 4 4 )  for the eddy viscosity 
in the form 
and similarly 
Use of (166) is made for strong coupling. The subscript 
( ) uiv denotes that the transfer coefficient is endowed 
by the ut-fluctuations along the ?-trajectory, and ( 
denotes that the transport coefficient is endowed by the 
v'-fluctuations along the +-trajectory. 4 Upon substituting 
for (224) and ( 2 2 5 ) ,  we obtain 
- 
- 
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confirming the equality (8) from the Langevin method. 
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I 
t 
s c a l i i l g ,  t h e  m a s t e r  e q u a t i o n  i s  decomposed i n t o  a s y s t e m  o f  
t r a n s p o r t  e q u a t i o n s ,  r e p l a c i n g  t h e  B o g o l i u b o v  s y s t e m  o f  
I G R O U P - K I N E T I C  THEORY OF D I S P E R S I V E  SOLITON TURBULENCE 
I C . M .  T c h e n  
I 
D e p a r t m e n t  of  M e c h a n i c a l  E n g i n e e r i n g ,  C i t y  C o l l e g e ,  
New Y o r k ,  N . Y .  1 0 0 3 1  
I 
A s  t h e  f l u i d  a n a l o g u e ,  t h e  n o n l i n e a r  S c h r o d i n g e r  e q u a t i o n  
h a s  a d r i v i n g  f o r c e  i n  t h e  f o r m  o f  e m i s s i o n  o f  s o l i t o n s  b y  
v e l o c i t y  f l u c t u a t i o n s ,  and i s  u s e d  t o  d e s c r i b e  t h e  m i c r o -  
d y n a m i c a l  s t a t e  o f  t u r b u l e n c e ,  I n  o r d e r  f o r  t h e  e m i s s i o n  
1 t o g e t h e r  w i t h  t h e  m o d u l a t i o n  t o  p a r t i c i p a t e  i n  t h e  t r a n s p o r t  
t p r o c e s s e s  ( s p e c t r a l  e v o l u t i o n ,  e d d y  c o l l i s i o n ,  a n d  r e l a x a -  
I , t i o n ) ,  t h e  n o n - h o m o g e n e o u s  S c h r o d i n g e r  e q u a t i o n  i s  t r a n s -  
r e l a x a t i o n  t h a t  t h e  memory i s  l o s t  when t h e  e n s e m b l e  o f  
h i g h e r - o r d e r  d i s t r i b u t i o n s  i s  s i m u l a t e d  b y  an e f f e c t i v e  
p o r o u s  med ium.  The c l o s u r e  i s  t h u s  f o u n d .  The k i n e t i c  
e q u a t i o n  i s  d e r i v e d  and  i s  t r a n s f o r m e d  i n t o  t h e  e q u a t i o n  o f  
s p e c t r a l  f l o w ,  The e m i s s i o n  d e p o s i t s  t h e  e n e r g y  i n t o  t h e  
s p e c t r u m  f o r  a c c u m u l a t i o n  t o w a r d  s m a l l  wave n u m b e r s  b y  a 
r e v e r s e  c a s c a d e  w i t h  a n e g a t i v e  e d d y  v i s c o s i t y .  The m o d u l a -  
t i o n  d e v e l o p s  a d i r e c t  c a s c a d e  a n d  t h e  m o d u l a t i o n  c o l l i s i o n  
p r o v i d e s  a f l u c t u a t i o n - d i s s i p a t i o n  f o r  t h e  d r a i n .  The s p e c -  
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t r a l  l a w s  f o r  t h e  s o l i t o n  e n e r g y  a r e  k - l ,  k - 3 ,  and  i n  
t h e  i n e r t i a ,  c o u p l i t i g ,  and  d i s p e r s i o n  s u b r a n g e s ,  r e s p e c t i v e -  
l y .  The s p e c t r a l  f l o w  d e t e r m i n e s  t h e  s t a t i s t i c a l  c r i t e r i a  
f o r  a n o n l i n e a r  s t o c h a s t i c  s y s t e m  t o  become c h a o t i c .  I t  i s  
f o u n d  t h a t  t h e  homogeneous S c h r o d i n g e r  e q u a t i o n  c a n n o t  d e -  
v e l o p  s t r o n g  t u r b u l e n c e .  
I. INTRODUCTION 
Many n o n l i n e a r  phenomena i n  t h e  c o n t i n u o u s  m e d i a  e x h i b i t  
f a s t  d e n s i t y  f l u c t u a t i o n s  s u p e r p o s e d  w i t h  s l o w  o n e s ,  a n d  t h e  f a s t  
c o m p o n e n t s  h a v e  e n v e l o p e s  t h a t  f l u c t u a t e  s l o w l y .  Such a m o d e l i n g  
i s  c a l l e d  t h e  s o l i t o n  f o r m a l i s m  and i s  u s u a l l y  r e p r e s e n t e d  b y  a 
homogeneous p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  p a r a b o l i c  t y p e ,  
c a l l e d  t h e  homogeneous  S c h r o d i n g e r  e q u a t i o n .  T h i s  e q u a t i o n  i s  
c o n s i d e r e d  m o r e  a p p e a l i n g  t h a n  t h e  N a v i e r - S t o k e s  e q u a t i o n  and h a s  
b e e n  w i d e l y  u s e d  i n  p l a s m a s ,  o p t i c s ,  and f l u i d s ,  i n c l u d i n g  a t m o s -  
p h e r i c  waves, g r a v i t y  waves  and sea s u r f a c e  waves .  U n f o r t u -  
n a t e l y ,  t h e  n u m e r i c a l  c o m p u t a t i o n s  o f  t h e  homogeneous S c h r o d i n g e r  
e q u a t i o n  h a v e  n o t  f o u n d  c h a o s  and deemed i t  n o t  s u i t a b l e  f o r  
t u r b u l e n c e .  F rom t h e  h y d r o d y n a m i c a l  s t a n d p o i n t ,  t h e  N a v i e r -  
S t o k e s  e q u a t i o n s  f o r  d e n s i t y  a n d  v e l o c i t y  c a n  b e  t r a n s f o r m e d  i n t o  
a wave e q u a t i o n  f o r  t h e  p r o p a g a t i o n  o f  d e n s i t y  w i t h  a c o u p l i n g  t o  
v e l o c i t y .  Such a c o u p l i n g  i s  known a s  t h e  p r o d u c t i o n  o f  n o i s e s  
by t u r b u l e n c e  o r  t h e  e m i s s i o n  o f  s o l i t o n s  b y  v e l o c i t y  f l u c t u a -  
t i o n s ,  and m u s t  b e  r e p r e s e n t e d  i n  t h e  S c h r o d i n g e r  e q u a t i o n  t o  
make  i t  s e l f - c o n s i s t e n t  w i t h  t h e  N a v i e r - S t o k e s  e q u a t i o n s .  The 
f l u i d  a n a l o g u e  o f  s o l i t o n s ,  i . e .  t h e  d e r i v a t i o n  o f  t h e  
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S c h r o d i n g e r  e q u a t i o n  f r o m  t h e  N a v i e r - S t o k e s  e q u a t i o n s ,  h a s  b e e n  
t r e a t e d  b y  s e v e r a l  a u t h o r s .  2 - 4  I t  i s  f o u n d  t h a t  f o r  t h e  
S c h r o d i n g e r  e q u a t i o n  t o  d e v e l o p  t u r b u l e n c e ,  t h e  e m i s s i o n  m u s t  b e  
p r e s e n t .  Hence ,  i t  i s  n o t  j u s t i f i a b l e  t o  c o n c l u d e  t h a t  s o l i t o n s  
c a n n o t  c o a l e s c e  o r  b r e a k  b y  c o l l i s i o n  o n  t h e  b a s i s  o f  t h e  
S c h r o d i n g e r  e q u a t i o n  t r u n c a t e d  t o  i t s  homogeneous f o r m .  The 
d i s p e r s i o n  i n  t h e  d i f f e r e n t i a l  f o r m  v 2  i s  i m p o r t a n t ,  w i t h o u t  
w h i c h  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  S c h r o d i n g e r  w o u l d  b e  
r e d u c e d  i n t o  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  i n  t h e  c l a s s  o f  
D u f f  i n g  o s c  i 1 1 a t  o r .  
A s  t h e  s c o p e  o f  t r e a t m e n t ,  we c o n s i d e r  t h e  n o n - h o m o g e n e o u s  
S c h r o d i n g e r  e q u a t i o n  t o  d e s c r i b e  t h e  m i c r o d y n a m i c  s t a t e  o f  s o l i -  
t o n  t u r b u l e n c e ,  and  t r a n s f o r m  i t  i n t o  a homogeneous m a s t e r  e q u a -  
t i o n  ( S e c t i o n  1 1 ) .  By a s c a l i n g  i n t o  g r o u p s  and b y  t h e  l o s s  o f  
memory i n  t h e  r e l a x a t i o n ,  we f i n d  t h e  c l o s u r e ,  and d e r i v e  t h e  
k i n e t i c  e q u a t i o n  o f  t u r b u l e n c e  ( S e c t i o n  1 1 1 - V I .  By t a k i n g  t h e  
moment we o b t a i n  t h e  e q u a t i o n  o f  s p e c t r a l  f l o w .  By t h e  e m i s s i o n ,  
t h e  e n e r g y  i s  d e p o s i t e d  i n t o  t h e  s p e c t r u m ,  t o  be a c c u m u l a t e d  t o -  
w a r d  s m a l l  w a v e n u m b e r s  b y  r e v e r s e  c a s c a d e  a n d  t r a n s f e r r e d  t o w a r d  
l a r g e  w a v e n u m b e r s  b y  d i r e c t  c a s c a d e .  A t r a n s p o r t  t h e o r y  d e t e r -  
m i n e s  t h e  e d d y  v i s c o s i t y  ( S e c t i o n s  V I ,  VII). The e q u a t i o n  o f  
s p e c t r a l  e v o l u t i o n  i s  s o l v e d  ( S e c t i o n s  V I I I ,  1x1. The g r o u p -  
k i n e t i c  c o n s i d e r a t i o n  o f  s p e c t r a l  f l o w  d e t e r m i n e s  t h e  c r i t e r i a  
f o r  a n o n l i n e a r  d y n a m i c a l  s y s t e m  t o  d e v e l o p  c h a o s  a n d  t u r b u l e n c e  
( S e c t i o n  X ) .  
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11. K I N E T I C  DESCRIPTION OF THE MICRODYNAMICAL STATE OF SOLITON 
TURBULENCE 
The n o n l i n e a r  S c h r o d i n g e r  e q u a t i o n  
( i  2 + - f u n i i ) E  = N x (1) 
t - u- hl 
f o r  t h e  s o l i t o n  f i e l d  ? ( t , x )  u n d e r  t h e  d r i v i n g  f o r c e  X ( t , x >  * h a s  a 
n o n l i n e a r  m o d u l a t i o n  b y  t h e  d e n s i t y  f l u c t u a t i o n  
" ... * 
L. 
N = - d I f 1 2  ( 2 )  - 
'n 9 and a dispersion b y  3, v 2  , where 
0 and bc. are r e a l  constants, having t h e  dimensions of n 
v i s c o s i t y ,  f r e q u e n c y  and  t h e  i n v e r s e  s q u a r e  o f  a c c e l e r a t i o n ,  r e s -  
p e c t i v e l y .  The d r i v i n g  f o r c e  i s  r e a l ,  t o  be s p e c i f i e d  l a t e r .  
The r a n d o m  f i e l d  
- 
c a n  b e  decomposed i n t o  an e n s e m b l e  a v e r a g e  - E E <E> .c and  a 
L1 
f 1 u c t u a t i o n  E .  The o p e r a t o r s  - 
f i  A = E + X  
fi  
c a n  be used,  w h e r e  A = 1 i s  a u n i t  o p e r a t o r ,  a n d  
- hl 
A = 1 - A  
( 4 )  
( 5 )  
i s  t h e  d e v i a t i o n  f r o m  t h e  a v e r a g e .  
I n  t h e  f o l l o w i n g ,  we assume homogeneous and  i s o t r o p i c  t u r b u -  
l e n c e  i n  t h r e e  d i m e n s i o n s ,  w i t h o u t  mean f i e l d ,  i . e .  - 
E = 0. 
111 
By t h e  d i s t r i b u t i o n  f u n c t i o n  
( 6 )  
- -  .c - .c 
t h e  S c h r o d i n g e r  e q u a t i o n  i n  t h e  p h y s i c a l  s p a c e  t , x  i s  t r a n s f o r m e d  - 
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b u t i  o n  f u n c t i o n s .  5 
A l t e r n a t i v e l y ,  b y  c o n s i d e r i n g  a f i n i t e  u p p e r  l i m i t  o f  i n t e -  
g r a t i o n  k i n  ( l l ) ,  we g e t  t h e  s p e c t r a l  i n t e n s i t y  
f r o m  w h i c h  we f i n d  t h e  s p e c t r u m  F E ( k )  b y  a d i f f e r e n t i a t i o n  w i t h  
r e s p e c t  t o  k .  T h i s  m e t h o d  d e a l s  w i t h  t h e  s i n g l e t  - d i s t r i b u t i o n  
f u n c t i o n ,  or  t h e  moment 
E o ( t , x )  = I  d: 5 f 0 ( t , x l , E ) ,  
b * . - -  
o r  t h e  e n e r g y  
(16) 
.c N - 4  
w i t h o u t  i n v o l v i n g  t h e  p a i r - d i s t r i b u t i o n  a s  was w i t h  t h e  B o g o l i u -  
b o v  m e t h o d  i n  ( 1 3 )  and ( 1 4 ) .  5 
e 
The m a c r o - g r o u p  E i s  a c o m p o n e n t  o f  t h e  d e c o m p o s i t i o n  - - 0 
E = E t E'. ( 1 8 a )  
The m i c r o - g r o u p  
1 E '  = E + E" 
Y .r rc 
i s  r e - d e c o m p o s e d  i n t o  a f i r s t - o r d e r  g r o u p  E 1  and a s u b g r o u p  
L 
(18b) 
w h i c h  c o m p r i s e s  a l l  t h e  r e m a i n i n g  h i g h e r - o r d e r  g r o u p s .  L i k e w i s e ,  
we decompose t h e  d i s t r i b u t i o n  i n t o :  
fi  - 
f = f  t 7  
The o p e r a t o r s  
A '  , A ' ,  A "  ( 2 0 )  
c a n  b e  u s e d  f o r  s c a l i n g  i n t o  t h e  m a c r o - ,  m i c r o - ,  a n d  s u b - g r o u p s ,  
r e s p e c t i v e l y .  
By t h e  n o n l i n e a r i t y  o f  t h e  m a s t e r  e q u a t i o n ,  f o  w i l l  be 
c o u p l e d  t o  f ' ,  and s u b s e q u e n t l y  t o  f " ,  i n  a s e q u e n c e  o f  e q u a t i o n s  
o f  t r a n s p o r t .  Hence t h e  p r e s e n t  g r o u p - k i n e t i c  t h e o r y  d e a l s  w i t h  
t h e  many g r o u p s  
0 
f , f ' ,  f "  ( 2 1  1 
o f  t h e  s i n g l e t - d i s t r i b u t i o n  f u n c t i o n ,  w h i l e  t h e  B o g o l i u b o v  t h e o r y  
d e a l s  w i t h  t h e  d i s t r i b u t i o n  f u n c t i o n s  o f  many  point^:^ 
. 
The t h r e e  g r o u p s  ( 2 1 )  r e p r e s e n t  t h e  t h r e e  t r a n s p o r t  p r o c e s -  
s e s  o f  s p e c t r a l  e v o l u t i o n ,  e d d y  v i s c o s i t y ,  and  r e l a x a t i o n .  The 
c l o s u r e  i s  n o t  b a s e d  o n  t h e  d e c r e a s i n g  m a g n i t u d e  o f  t h e  g r o u p s  
b u t  o n  t h e i r  d e c r e a s i n g  c o h e r e n c e  w i t h  c o r r e l a t i o n  t i m e s  
s u c h  t h a t  t h e  m e m o r y - l o s s  i n  t h e  r e l a x a t i o n  makes  t h e  e d d y  c o e f -  
f i c i e n t  (e .g .  e d d y  d i f f u s i v i t y )  a p p r o a c h  i t s  e q u i l i b r i u m  a n d  b e -  
come a d i a b a t i c . T h i s  a d i a b a t i c i t y i s  n o t  p r e s e n t  i n  t h e  h i g h - o r d e r  
c l o s u r e  o f  d i s t r i b u t i o n s  o r  o f  moments.  
111. D E R I V A T I O N  OF THE K I N E T I C  E Q U A T I O N  OF S O L I T I O N  T U R B U L E N C E  
By a p p l y i n g  t h e  s c a l i n g  o p e r a t o r s  2, A ' , A 1 , A ( * ) ,  we 
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I 
t r a n s f o r m  t h e  m a s t e r  e q u a t i o n s  i n t o  t h e  f o l l o w i n g  e q u a t i o n s  o f  I 
g r o u p s :  
! An o p e r a t o r  ( e . g .  s c a l i n g  o p e r a t o r ,  d i f f e r e n t i a l  o p e r a t o r ,  c o l -  
l i s i o n  o p e r a t o r ,  and e v o l u t i o n  o p e r a t o r )  a p p l i e s  t o  a l l  f u n c t i o n s  
w h i c h  f o l l o w .  
I n  t h e  r i g h t  hand  s i d e ,  we f i n d  t h e  c o l l i s i o n s  f r o m  t h e  i 
f l u c t u a t i o n s  o f  t h e  h i g h e r - o r d e r  n e a r e s t - n e i g h b o r  g r o u p :  
a s  r e l a t e d  t o  t h e  a d i a b a t i c  ( n o n - f l u c t u a t i n g )  c o l l i s i o n  c o e f f i -  
c i e n t s  
L (26) 
t o  b e  d e t e r m i n e d  b y  a t r a n s p o r t  t h e o r y  i n  S e c t i o n  V I .  T h i s  
t r a n s f o r m s  ( 2 4 a )  and ( 2 4 b )  i n t o  t h e  k i n e t i c  e q u a t i o n s  
(3, t A o i ) f e =  - L ' i  + e'{ f o }  (28) 
6 
f o r  t h e  p r o b a b i l i t y  f u n c t i o n  'i a n d  t h e  m a c r o - d i s t r i b u t i o n  f ,  r e s -  
p e c t i v e l y .  I n  t h e  f o l l o w i n g  we s h a l l  d e a l  w i t h  t h e  k i n e t i c  e q u a -  
t i o n  ( 2 8 )  o n l y .  The g o v e r n i n g  c o l l i s i o n  c o e f f i c i e n t  a n d  i t s  
r e l a x a t i o n  a r e  d e t e r m i n e d  by t h e  s y s t e m  o f  e q u a t i o n s  
( 2 9 a )  ( b t  + A 1 *  L ) f l  = - L 1 -  ( f  + f') +\elof' 
a n d  
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A ( a t  t A " L ) f "  = - L"(7 t f ' +  f ' ) .  (29b) 
The f u n c t i o n  w i t h i n  t h e  b r a c k e t s  { }  i s  o p e r a t e d  by t h e  c o l l i s i o n  
c o e f f i c i e n t  i n  t h e  r o l e  of a n  o p e r a t o r  f o r  t h e  p r o p a g a t i o n  of 
memory. 
IV. EQUATION OF SOLITON T U R B U L E N C E  
By t a k i n g  t h e  moment of t h e  k i n e t i c  e q u a t i o n  (281 ,  we d e r i v e  
t h e  f o l l o w i n g  e q u a t i o n  o f  s o l i t o n  t u r b u l e n c e :  
w i t h  t h e  s t r e s s  
J z  0 I d E  c . c  E k t{fv} . (31 1 
A s u b s e q u e n t  m u l t i p l i c a t i o n  by Eo' a n d  a n  a v e r a g e  g i v e  
t i o n  of  s p e c t r a l  e v o l u t i o n  
t h e  e q u a -  - 
( 3 2 )  
0 0 1 4  < 1 i 0 l 2 >  = w  - T 
c 
i n  homogeneous a n d  i s o t r o p i c  t u r b u l e n c e ,  where 
E o  > I  (33) 
i s  t h e  c o u p l i n g  f u n c t i o n ,  a n d  
T o  = - < I ( *  J o >  - 
- d E  E . \ e ' { ( l E o X ( t , x ) f b ( t - T  - ) I > }  ( 3 4 )  - -  J c L -  " 
i s  t h e  t r a n s f e r  f u n c t i o n .  The Lagrang ian  c o r r e l a t i o n  
< I E o * ( t , x ) f o ( t - t  > I >  
u m 
1 
c o n t a i n s  a memory, S i n c e  is d e r i v e d  from 
L '  = L + Lx N 
w i t h  
(35) 
(36) 
by ( 9 1 ,  t h e  c o l l i s i o n  c o e f f i c i e n t  c a n  be wr i t t en  i n t o  t h e  t w o  
2-9 
c o m p o n e n t s  
0 0 T Q  = T N  + T, 
w i t h  
V .  L O S S  OF MEMORY I N  R E L A X A T I O N  F O R  CLOSURE 
The e q u a t i o n  o f  e v o l u t i o n  ( 2 9 a )  f o r  f 1  i s  c o n t r o l l e d  
c o l  1 i s i on 
a n d  i s  t r a n s f o r m e d  b y  moment  i n t o  an e q u a t i o n  o f  e v o l u t i o n  
w i t h  t h e  c o n t r o l l i n g  s t r e s s  
J1 = d E  - u  E cl(t,x) - { f ' }  
i n  a n a l o g y  w i t h  (31). An e f f e c t i v e  c o l l i s i o n  w o u l d  be  
- 
The c o l l i s i o n  c o e f f i c i e n t  t h a t  o p e r a b e s  o n  f 1  i n  ( 
( 3 8 )  
( 3 9  
(40) 
( 4 1  1 
( 4 2 a  1 
( 4 2 b )  
by t h e  
(43) 
f o r  ~1 
Y 
( 4 4  1 
( 4 5 )  
1 k e e p s  
a memory by i t s  d e p e n d e n c e  o n  E. I f  we w i s h  t o  l o s e  t h e  memory  ... 
i n  t h e  r e l a x a t i o n ,  i t  s u f f i c e s  t o  s u p p r e s s  t h e  K E - d e p e n d e n c e ,  cor-  
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r e s p o n d i n g  t o  t h e  f l u i d  s i m u l a t i o n  
s i n c e  
. e i ( t , x )  .c , 
L " ( t , x , E  = 0 )  = L i ( t , x )  
5 . -  - 
b y  d e f i n i t i o n s  ( 9 a )  - ( 9 d ) .  Hence we a p p r o x i m a t e  ( 4 4 )  b y  
J1 1 - -JN 
( 4 7 )  
( 4 8 )  
= t \ ( t , x )  w -  E 1 ( t , x )  - . ( 4 9  1 
Upon c o m p a r i n g  ( 4 6 )  w i t h  (491 ,  we i d e n t i f y  
t i f f ( t , X )  U & ( t , x , .  - ( 5 0 )  
A f l u i d  s i m u l a t i o n  c a n  be c o n c e i v e d  i f  t h e  d i v e r s e  d i s t r i b u -  
t i o n s  i n  t h e  s u b g r o u p  ( 1 9 d )  u n d e r g o  a l a r g e  number o f  s u b -  
c o l l i s i o n s ,  s o  t h a t  t h e  s u b g r o u p  as a n  e n s e m b l e  b e h a v e s  l i k e  a 
p o r o u s  m e d i u m  w i t h o u t  i n d i v i d u a l i t y  f r o m  t h e  s e p a r a t e  E - d e p e n d -  - 
e n c e .  The p o r o u s  med ium o f f e r s  a D a r c y  c o e f f i c i e n t  XI'. 
N 
W i t h  t h i s  a p p r o x i m a t i o n ,  we r e d u c e  ( 2 9 a )  and ( 2 9 b )  i n t o  
0 
( 5 1  1 ( b ,  + A 1 -  x ) f '  = - L 1 -  ( f  + f 
a n d  
The d i f f e r e n t i a l  o p e r a t o r s  
A 
* # -  d = L - 2 ; ; ;  , 
A 
(53) 
L N  a n d  L g o v e r n  t h e  e v o l u t i o n  o p e r a t o r s q 4 , U N , U ,  a s  f o l l o w s :  
( 3 ( 5 4 a )  
We c o n c l u d e  t h a t  t h e  s e q u e n c e  o f  t r a n s p o r t  e q u a t i o n s  (28), 
( 5 1 )  a n d  (52) f o r  t h e  d i s t r i b u t i o n  f u n c t i o n s  
2-11 
e 
(55) f , f l ,  f "  
f o r m s  a c l o s e d  sys tem.  
V I .  COLLISION C O E F F I C I E N T S  
A .  D a r c y  d a m p i n g  t i  and  c o l l i s i o n  c o e f f i c i e n t  
I 
N *  1 
The  e q u a t i o n  ( 5 2 )  f o r  r e l a x a t i o n  c a n  be i n t e g r a t e d  i n t o  
f" = - A i t  d f  U N ( t , t - t )  L i ( t - T )  (7 t f 0 1  t f ) ( 5 6 )  
b y  means o f  t h e  e v o l u t i o n  o p e r a t o r s  ( 5 4 b ) .  Upon m u l t i p l y i n g  b y  I 
L; 
a n d  s c a l i n g  by  A', we f i n d  t h e  f l u x  i n  t h e  f o r m  
( 5 7 a )  - A 1 L k f "  = A I t d =  L " ( t , X )  A "  U N ( t , t - r  ) L i ( t - T )  ( f + f + f  1 1 s  
N -  
o r  i n  t h e  a d i a b a t i c  f o r m  
H e n c e  we d e r i v e  t h e  a d i a b a t i c  c o e f f i c i e n t s  
b t k  E /  d r  < L A  ( t , X )  A "  U N ( t , t - r )  L{  ( t - t  ) >  
.c 
0 
= - (4 a l 2  D i  (58) n 
a n d  
6 .  C o l l i s i o n  c o e f f i c i e n t  e t  
Y 
The p r o c e d u r e  o f  c a l c u l a t i n g  t b  f r o m  (51) b y  r e s t r i c t i n g  t o  
L ,  1 i s  a n a l o g o u s  t o  t h a t  f o r  E;. We o b t a i n :  
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C .  C o l l i s i o n  c o e f f i c i e n t  e;, . 
The i n t e g r a t i o n  o f  ( 5 1 )  b y  r e s t r i c t i n g  t o  L i  g i v e s  
1 U(t , t -7 ) L; ( 7  + f O )  ( 6 2 )  t f l  = & a t  A 
Upon m u l t i p l y i n g  b y  L i  a n d  s c a l i n g ,  we g e t  
* 
The a d i a b a t i c  c o e f f i c i e n t s  a r e  f o u n d  a s  f o l l o w s :  
v ( t , x , E )  a n d  D ' ( t , x , E )  , x  . 5 - -  'ex - - - 
a r e  o p e r a t o r s  a n d  g e n e r a t e  memory.  
V I I .  TRANSPORT THEORY 
A .  D i r e c t  c a s c a d e  TN 
0 
F r o m  ( 3 4 )  a n d  ( 4 2 a 1 ,  t h e  d 
( 6 6  1 
r e c t  c a s c a d e  i s  w r i t t e n  a s  
0 
E . " (  t , x ) f ( t - 'c ) I > 
1 ... 
(67 1 
2-13 
The c o l l i s i o n  c o e f f i c i e n t  
i s  n e g a t i v e  b y  (601, and i s  n o t  an o p e r a t o r  s i n c e  i t  i s  i n d e p e n -  
d e n t  o f  E .  The d i r e c t  c a s c a d e  p e r f o r m s  a t r a n s f e r  t o w a r d  s m a l l e r  ... 
s c a l e s .  
8. R e v e r s e  c a s c a d e  T, 
0 
F r o m  ( 3 4 )  and ( 4 2 b ) ,  we c a l c u l a t e  t h e  r e v e r s e  c a s c a d e  i n  
t h e  f o r m  
o r  
I t  c o n t a i n s  t w o  L a g r a n g i a n  c o r r e l a t i o n s :  one i s  t h e  a u t o - c o r r e l a -  
t i o n  
o f  t h e  m i c r o - f l u c t u a t i o n s  X I  b y  d e f i n i t i o n  (651, and  t h e  o t h e r  i s  
t h e  c r o s s - c o r r e l a t i o n  
- 
0 
v i ( T )  = < I E g R ( t , x ) A ' t 7 ( t , t - T  L If ( t - t ) l >  ( 7 0 b )  
OF b 
b e t w e e n  E ( t , x )  and  f ( t - T ) .  
.r - 
By F o u r i e r  t r a n s f o r m a t i o n ,  t h e  c o r r e l a t i o n  ( 7 0 a )  and  t h e  
d i f f u s i v i t y  ( 6 5 )  c a n  be w r i t t e n  i n  t h e  f o r m  
< X ' ( t , x )  A'U ( t , t -T  ) X ' ( t - r  ) >  
=/d:" 3( < X ' ( k " )  X ' ( - k ' ' ) >  h ( t , k " , E )  
D '  = Jdk l '  3 ( ( X t ( k " ) X t ( - k " ) > /  d t  h ( t , k " , E ) ,  L -  
O zx 
by u s i n g  t h e  o r b i t  f u n c t i o n  
< X ' ( t , x )  i j ( t , t - t ) X ' ( t - t  ) >  
I -. 6 ... 5 * 
( 7 1  1 
( 7 2  1 
- - - + "  
& * e . -  
t h a t  i s  e q u i v a l e n t  t o  t h e  a v e r a g e  e v o l u t i o n  o p e r a t o r  i n  t h e  
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F o u r i e r  f o r m .  The F o u r i e r  t r a n s f o r m a t i o n  i s  made w i t h  r e s p e c t  t o  
I p o s i t i o n  i n  a l e n g t h  i n t e r v a l  2L  i n  t h r e e  d i m e n s i o n s  w i t h i n  w h i c h  
, 
I The t r a n s f o r m a t i o n  w i t h  r e s p e c t  t o  t i m e  i s  n o t  n e c e s s a r y ,  b e c a u s e  
1 
t h e  t e m p o r a l  f l u c t u a t i o n s  a r e  s l o w  a s  c o m p a r e d  w i t h  t h e  s p a t i a l  
f l u c t u a t i o n s  i n  s t r o n g  t u r b u l e n c e ,  The t r a n s f o r m a t i o n  w i t h  r e s -  
p e c t  t o  b o t h  t i m e  and p o s i t i o n  w o u l d  be n e c e s s a r y  i n  weak t u r b u -  
l e n c e  t o  e s t a b l i s h  a r e s o n a n c e .  
C .  S u b d y n a m i c s  
N o t e  t h a t  t h e  L a g r a n g i a n  f u n c t i o n  can be w r i t t e n  in t h e  
f o r m  
5(t,t-s ) X l ( t - t )  = X ' C t - t ,  h t - T  1 3 ,  
c .5 * 
w h e r e  :(t--r ) s a t i s f i e s  t h e  s u b d y n a m i c s  o f  t h e  d e t a i l e d  - 
t r a j e c t o r y ,  as  g o v e r n e d  b y  
w i t h  t h e  i n i t i a l  c o n d i t i o n s  a t  t i m e  t 
A 
( 7 4 )  
a n d  w i t h  tl = t - T .  By a n a l y s i n g  t h e  t r a j e c t o r y ,  we f i n d  t h a t  
t h e  o r b i t  f u n c t i o n  
h a s  t h e  f o l l o w i n g  c o m p o n e n t s  
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rJ 
p a t h  p e r t u r b a t i o n s  ?(T). 
by means o f  a p r o b a b i l i t y  o f  t r a n s i t i o n  
p a t h i  t r a v e l l e d  d u r i n g  a t i m e  i n t e r v a l  5 .  
The a v e r a g e  i n  ( 7 8 d )  can be c a l c u l a t e d  
( ~ , j )  f o r  t h e  random 
The p r o b a b i l i t y  f u n c -  
IC 
- 
- 
I By d e f i n i t i o n  ( 6 5 )  o r  ( 7 2 ) ,  t h e  d i f f u s i v i t y  i s  e n e r g i z e d  b y  
I 
< X ' X ' >  f o r  a d u r a t i o n  o f  c o r r e l a t i o n  t h a t  i s  de t e rmined  by t h e  
e v o l u t i o n  o p e r a t o r  i n  t h e  d e t a i l e d  f l u c t u a t i n g  form or i t s  a v e r -  
aged approximate f o r m ,  th rough  w h i c h  t h e  memory can p r o p a g a t e  and 
b e  s topped  f o r  t h e  c l o s u r e  a n d  f o r  t h e  a d i a b a t i c i t y  o f  t h e  d i f -  
- -  I 
i 
f u s i v i t y .  W i t h  t h i s  r e g a r d ,  we have r e p r e s e n t e d  t h e  t r a n s m i s s i o n  
o f  memory t h r o u g h  E by  t h e  o r b i t  component Other  f a c t o r s  
( t h e  f l u c t u a t i n g  , t h e  E-dependent  A p r o b a b i l i t y  of t r a n s i t i o n .  ) 
may c a u s e  t h e  memory t o  c o n t i n u e  f u r t h e r ,  b u t  a r e  s u p p r e s s e d  f o r  
4,. -.. 
c l o s u r e .  
D .  Reverse c a s c a d e  by n e g a t i v e  v i s c o s i t y  
I n  a n a l o g y  w i t h  t h e  a u t o - c o r r e l a t i o n  ( 7 9 a 1 ,  we wr i t e  t h e  
c r o s s - c o r r e l a t i o n  ( 7 0 b )  i n  t h e  form: 
' p p ( T )  = / d k l  3 ( < 1 E ?  ( k l ) f e ( - k l , E ) l >  h(t,k',E). - . c  (80)  
1 ,  - I  
T h e  o r b i t  f u n c t i o n  S k , k ' , E )  has  t h e  same s t ruc tu re  a s  ( 7 7 ) .  
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We c o l l e c t  t h e  r e s u l t s  ( 7 2 )  and (80) a n d  t r a n s f o r m  ( 6 9 )  i n t o  
The t w o  o r b i t  f u n c t i o n s  
h (T, k " ,  E 1 and  h ( - t , k '  , E )  
z . c  - b  
g o v e r n  t h e  s m a l l  and  l a r g e  s c a l e s ,  r e s p e c t i v e l y .  They  c o m p e t e  
f o r  t h e  r o l e  o f  memory p r o p a g a t i o n  b y  E .  We a t t r i b u t e  t h i s  r o l e  
t o  t h e  l a r g e - s c a l e  o r b i t  f u n c t i o n  , b y  w r i t i n g  
-.. 
h ( t , k " , E )  2 h ( t , k " , E  = 0 ) .  ( 8 3 b )  
When t h e  memory  p r o p a g a t i o n  i s  t e r m i n a t e d ,  o t h e r  r o l e s  ( d i s p e r -  
- -  1 5 -  
s i o n  a n d  d a m p i n g s )  a r e  t a k e n  o v e r  b y  h ( t ,  k " ,  E = 0 )  i n  v i e w  o f  
t h e  c o n d i t i o n  k ' < < k " .  These  c o n s i d e r a t i o n s  s i m p l i f y  ( 8 2 )  i n t o  
6 1  
a n d  s u b s e q u e n t l y  (81) i n t o  
A f t e r  i n t e g r a t i o n  w i t h  r e s p e c t  t o  E a n d  r e a r r a n g e m e n t ,  we o b t a i n  
H e r e  t h e  v o r t i c i t y  f u n c t i o n  i s  
2-1 7 
= 2 k d k l k 1 2 F E ( k l ) ,  J, 
! 
( 8 7 )  ! 
t h e  r e l a x a t i o n  t i m e  i s  - C x ( k f ' ) ,  s u c h  t h a t  
(D 
[ T , ( k " )35  = r e a l $  d t  r4 h(T ,k " ,E=O) ,  ...- 
a n d  t h e  eddy v i s c o s i t y  i S  
( 8 8 )  I 
i 
The s p e c t r a l  f u n c t i o n s  a r e  F E ( k )  and F x ( k ) ,  s u c h  t h a t  ! 
The t r a n s f e r  a t  a n e g a t i v e  t r a n s p o r t  c o e f f i c i e n t  - K '  i n d i -  
c a t e s  a r e v e r s e  c a s c a d e .  
The r e l a x a t i o n  t i m e  1 : ( k " ) ,  as d e f i n e d  by  ( 8 8 1 ,  i s  c a l c u l a t -  
e d  b y  ( 7 8 c )  and ( 7 8 d 1 ,  a s  f o l l o w s :  
Upon s u b s t i t u t i n g  ( 9 2 )  i n t o  (89), we o b t a i n  t h e  e d d y  v i s -  
c o s i  t y  
E .  C o u p l i n g  f u n c t i o n  
The c o u p l i n g  f u n c t i o n ,  a s  d e f i n e d  by (331, c a n  be  i n t e r -  
p r e t e d  as t h e  f l u x  o f  t r a n s p o r t  o f  E by X - f l u c t u a t i o n .  Upon 
i n t e g r a t i n g  (301, we w r i t e  
0 0 - .4 
b t 
.c E o  = - i l  d-r: A'u(t,t-t) X - ( t - - c ) .  ( 9 4 )  
Upon m u l t i p l y i n g  by i X  a n d  a v e r a g i n g ,  we d e t e r m i n e  t h e  c o u p l i n g  
f u n c t i o n  
0 
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w i t h  
a 0 
DX s DX = trace - (96) 
b y  ( 7 2 ) .  The e v o l u t i o n  o p e r a t o r  a b s o r b s  t h e  d a m p i n g  e f f e c t  o f  
Jid f r o m  J i n  (30). 6 0 
% - 
The o r b i t  f u n c t i o n  t h a t  b e l o n g s  t o  t h e  t r a j e c t o r y  o f  Eo i s  
-u 
h ( r , k ' , E = O )  = e x p  ( i k I 2 S n  + + ( 9 7 )  
- - %  
b y  ( 7 7 ) .  A i n t e g r a t i o n  and a s u b s t i t u t i o n  i n t o  ( 9 5 )  y i e l d  
The f u n c t i o n  
= C 1  + ( k ' / k ' )  4 3 -1 
V 
r e g u l a t e s  t h e  d i s p e r s i o n  a t  t h e  c u t o f f  wavenumber  
h I, 
kP = c ( -  t N  - CN)/dn 1 
(99 1 
(100) 
V I I I .  M E C H A N I S M S  OF SPECTRAL E V O L U T I O N  
The e v o l u t i o n  o f  t h e  s p e c t r u m  i s  g o v e r n e d  by t h e  t r a n s f e r  
0 0 
f u n c t i o n  T x  f o r  r e v e r s e  c a s c a d e ,  t h e  c o u p l i n g  f u n c t i o n  W , a n d  
t h e  t r a n s f e r  f u n c t i o n  T i  f o r  d i r e c t  c a s c a d e .  T w o  t y p e s  o f  
n o n l i n e a r i t y  e n t e r :  t h e  m o d u l a t i o n  b y  % a n d  t h e  e m i s s i o n  b y  ?. - 
The s p e c t r a l  f l o w ,  as  d e s c r i b e d  b y  (321, i n v o l v e s  c a s c a d e  
c o u p l i n g ,  s o u r c e  a n d  d r a i n .  
A. M o d u l a t i o n  a n d  e m i s s i o n  
I t  i s  t o  b e  r e c a l l e d  t h a t  t h e  s o l i t o n  f o r m a l i s m  was d e r i v e d  
by a f l u i d  a n a l o g u e  from t h e  N a v i e r - S t o k e s  e q u a t i o n  f o r  
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c o m p r e s s i b l e  f l u i d ,  b y  c o n s i d e r i n g  a d e n s i t y  f l u c t u a t i o n  o f  t w o  
s c a l e s .  The s l o w  d e n s i t y  wave i s  r e l a t e d  t o  m o d u l a t i o n  i n  t h e  
d e t a i l e d  f o r m  ( 2 1 ,  o r  i n  t h e  f o r m  o f  i n t e n s i t i e s  
<N"> = c42[<lE'l 2 2  > ]  . 
c 
( 1 0 1 )  
T h i s  r e l a t i o n  i s  c a l l e d  t h e  e q u a t i o n  o f  s t a t e .  The f a s t  d e n s i t y  
wave  o b e y s  an e q u a t i o n  o f  wave p r o p a g a t i o n  w i t h  t h e  e m i s s i o n  
c a u s e d  by v e l o c i t y  f l u c t u a t i o n s .  By an e n v e l o p e  t r a n s f o r m a t i o n ,  
t h e  wave e q u a t i o n  i s  t r a n s f o r m e d  i n t o  t h e  p a r a b o l i c  e q u a t i o n  (11, 
c a l l e d  t h e  S c h r o d i n g e r  e q u a t i o n  f o r  d r i v e n  s o l i t o n s ,  w i t h  t h e  
CI 
d r i v i n g  f o r c e  X ,  s u c h  t h a t  6 s 7  
e 
The p r o p a g a t i o n  o f  f i n i t e  s o u n d  wave and  t h e  e x c i t a t i o n  o f  
a c o u s t i c  t u r b u l e n c e  a r e  b a s e d  upon t h e  s a w t o o t h  s h o c k  wave 
f o r m a t i o n  h a v i n g  t h e  t i m e  5 a s  an i n v a r i a n t .  T h i s  t i m e  i s  
o b t a i n e d  by t h e  e f f e c t i v e  s l o p e  i n  t h e  p r o p a g a t i o n  o f  a 
f l u c t u a t i n g  v e l o c i t y  i n  t h e  x -  s p a c e .  W i t h  t h i s  i n v a r i a n t  a s  a 
p a r a m e t e r  and b y  d i m e n s i o n a l  c o n s i d e r a t i o n s ,  i t  i s  s e e n  t h e  
.- 
v e l o c i t y  f l u c t u a t i o n s  f o l l o w  t h e  s p e c t r a l  l a w  
F (k) N k'3 
U 
I t  f o l l o w s ,  f r o m  ( 1 0 2 ) ,  t h e  s p e c t r a l  i n t e n s i t y  
( 1 0 3 )  
f o r  t h e  d r i v i n g  f o r c e .  
B .  I n s t a b i l i t y  a s  a s o u r c e  
F o r  t h e  d e t e r m i n a t i o n  o f  ts, s e e  Ref .  6. 
A t  t h e  l a r g e r - s c a l e  e n d  o f  t h e  s p e c t r u m ,  t h e  r e v e r s e  c a s c a d e  
a c c u m u l a t e s  t h e  e n e r g y  f r o m  t h e  m i c r o - f l u c t u a t i o n  i n t o  t h e  
m a c r o - f l u c t u a t i o n s ,  t o  b e  u l t i m a t e l y  b a l a n c e d  b y  t h e  i n s t a b i l i t y  
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o f  s o l i t o n  waves  a s  a s o u r c e  i n  t h e  f o r m  
s o  t h a t  t h e  g o v e r n i n g  e q u a t i o n  i s  
f r o m  (86). 
6 
= K ' R E  i n  i n e r t i a l  s u b r a n g e ,  
e q u a t i o n  f o r  t h i s  c o u p l i n g  s u b r a n g e  i s  
0 
W - T i  = 0, 
(106) 
A t  p r e s e n t ,  we s h a l l  n o t  e x a m i n e  t h e  s p e c t r a l  c o m p o s i t i o n  o f  
t h e  s o u r c e ;  h o w e v e r ,  i t  w o u l d  be r e q u i r e d  f o r  a n a l y z i n g  t h e  
w a v e - t u r b u l e n c e  i n t e r a c t i o n  i n  t h e  n o n - u n i v e r s a l  r a n g e  o f  t h e  
s p e c  t r um. 
C .  F l u c t u a t i o n - d i s s i p a t i o n  as  a d r a i n  
A n o n l  i n e a r  r a n d o m  s y s t e m  c a n  be d i  s s i  p a t i  v e .  The 
d i s s i p a t i o n  c a n  be p r e s c r i b e d  b y  an e x t e r n a l  p a r a m e t e r ,  s u c h  as  
t h e  m o l e c u l a r  v i s c o s i t y .  A 'If 1 uc t u a t i on - d i s s i p a t  i o n  I' c a n  be 
i n d u c e d  b y  d e n s i t y  f l u c t u a t i o n s  and s e r v e s  a s  a d r a i n  i n  t h e  
s p e c t r a l  f l o w .  Our s o l i t o n  f o r m a l i s m  f i n d s  a d r a i n  f r o m  t h e  
f 1 u c t u a t i  o n - d i  s s i  p a t i  on .  
0 
The t r a n s f e r  f u n c t i o n  T N  w o u l d  p l a y  t h e  r o l e  o f  a d i r e c t  
c a s c a d e  i n  c l a s s i c a l  f l u i d  t u r b u l e n c e ,  t r a n s f e r r i n g  e n e r g y  f r o m  
E o  i n t o  a n d  f i n a l l y  down t o  t h e  m o l e c u l a r  d i s s i p a t i o n .  W i t h  
t h e  a b s e n c e  o f  m o l e c u l a r  d i s s i p a t i o n  i n  s o l i t o n  t u r b u l e n c e ,  t h e  
* 
t r a n s f e r  f u n c t i o n  becomes a d r a i n  i t s e l f ,  b y  w r i t i n g  
8 
t o  b a l a n c e  t h e  l a r g e r - s c a l e  c o u p l i n g  f u n c t i o n  W . The g o v e r n i n g  
(108) 
2-2 1 
f r o m  ( 3 2 ) .  The a p p r o x i m a t i o n  o f  t h e  s c a l e d  c o l l i s i o n  c o e f f i c i e n t  
i n t o  a n  u n s c a l e d  d r a i n  s i m p l i f i e s  ( 6 7 )  i n t o  
0 2  0 T N  - ~ N < I E  I > 
c 
a n d  ( 9 8 )  i n t o  
( 1 0 9 )  
k E C(-2 tN) /vn ]  3 , 
V 
f r o m  ( 1 0 0 ) .  
(111) 
I t  i s  t o  b e  r e m a r k e d  t h a t  t h e  s t r u c t u r e  of t h e  c o l l i s i o n  
c o e f f i c i e n t  EN c a n  b e  c a l c u l a t e d  f r o m  (60) and ( 6 1 )  f o r  t h e  
d e t e r m i n a t i o n  o f  t h e  p r o b a b i l i t y  f u n c t i o n  f ( t , x , E )  by ( 2 7 ) .  
S i n c e  now eN s e r v e s  a s  a p a r a m e t e r ,  i t s  e x p l i c i t  s t r u c t u r e  i s  
n o t  needed.  
- 
.c -  
D .  S p e c t r a l  f l o w  
By t h e  u s e  o f  ( 1 0 7 1 ,  we r e d u c e  t h e  e q u a t i o n  o f  e v o l u t i o n  
(32) i n t o  
t E = - { + W - T N  0 e 
= 2(-2CN)5 < X I 2 >  2 / k d k ' k ' 2  F E ( k ' )  
0 ... 
+ (2EN) - l  2 F X ( k 8 )  y w ( k ' / k v )  
+ E , , ,  < ~ E ' ~ * > ,  w i t h  'e, < 0. 
L 
( 1 1 2 )  
T h i s  i n t e g r a l  e q u a t i o n  w i l l  b e  s o l v e d  i n  S e c t i o n  I X .  
I X .  SPECTRAL STRUCTURE 
A .  I n e r t i a  s u b r a n g e  
The i n e r t i a  s u b r a n g e  i s  g o v e r n e d  by t h e  c o n s t a n t  r e v e r s e  
c a s c a d e  as described by the following integral equations 
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f r o m  ( 1 1 2 ) .  The s o l u t i o n  f o r  F E ( k )  i s  f o u n d  upon  d i v i d i n g  b y  
< X I 2 >  and  d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  k ,  i n  t h e  f o r m :  
~ 
- 
Use o f  ( 1 0 4 )  h a s  been  made. I t  f o l l o w s  f r o m  ( 1 0 1 )  and  ( 1 1 4 )  t h e  
~ 
d e n s i t y  s p e c t r u m :  
~ 
~ 
We c a n  i n t r o d u c e  t h e  n o t a t i o n s  
t o  s c a l e  t h e  m a g n i t u d e  o f  t h e  d r i v i n g  f o r c e  and  t h e  s o u r c e  tE. 
t h e s e  n o t a t i o n s ,  ( 1 1 4 )  and ( 1 1 5 )  become 
I n  
An i n t e g r a t i o n  w i t h  r e s p e c t  t o  k y i e l d s  t h e  i n t e n s i t y  o f  f i e l d  
f l u c t u a t i o n s  
a n d  < N I 2 )  i s  g i v e n  b y  ( 1 0 1 ) .  
B. C o u p l i n g  s u b r a n g e  (k /k .  << I )  
The c o u p l i n g  s u b r a n g e  f o l l o w s  t h e  i n e r t i a  s u b r a n g e  a t  l a r g e r  
w a v e n u m b e r s .  F r o m  ( 1 1 2 1 ,  we w r i t e  t h e  s p e c t r a l  f l o w  i n  t h e  f o r m :  
( 1 2 1 )  ( - 2 e N ) -  2 d k '  F ( k ' )  ? ( k ' / k 9 )  + rN 2 1 k d k '  F E ( k ' )  = 0 , lok X W 0 
The a p p r o x i m a t i o n  
y w ( k / k S )  'E I ,  f o r  It/$/< I ( 1 2 2 )  
w i l l  b e  made.  Upon d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  k a n d  by t h e  
u s e  o f  ( 1 0 4 1 ,  we s o l v e  f o r  F E ( k )  i n  t h e  f o r m  
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o r  
< l E ' I 2 >  = 4 d E  4 k-2 
9 - 
w h e r e  UE i s  g i v e n  b y  ( 1 1 6 ) .  
( 1 2 3 b )  
F r o m  ( 1 0 1 )  and  ( 1 2 3 b ) ,  we d e r i v e  t h e  d e n s i t y  s p e c t r u m  
< N t 2 )  = ( 4 g  WE 2 k - 4  ( 1 2 4 a )  
a n d  t h e  s p e c t r a l  i n t e n s i t y  
F N ( k )  = (E?d44)2 k e 5  ( 1 2 4 b )  
C .  D i s p e r s i o n  s u b r a n g e  ( k / k ,  > >  1) 
The f u n c t i o n  f o r  t h e  d i s p e r s i v e  c u t o f f  i s  g i v e n  by (99) i n  
t h e  a p p r o x i m a t e  f o r m :  
P w ( k ' / k , , )  2 (k'/k, 1 4, f o r  k ' / k a  > >  1 . ( 1 2 5 )  
Upon s u b s t i t u t i n g  f o r  ( 1 2 5 1 ,  we s o l v e  ( 1 2 1 )  t o  f i n d  t h e  
s p e c t r a  
a n d  t h e  i n t e n s i t i e s  
( 1 2 6 a )  
( 1 2 6 b )  
(127a) 
(127b) 
A l l  the spectral  r e s u l t s  i n d i c a t e  t h a t  the  s p e c t r a  are 
dE and by increased by the driving f o r c e  t h r o u g h  the  parameter 
2-24 
. 
t h e  i n s t a b i l i t y  a s  a s o u r c e  t h r o u g h  t h e  l e n g t h  p a r a m e t e r  kf-l. 
X .  DISCUSSION ON THE CRITERIA OF C H A O S  
A n o n l i n e a r  d y n a m i c a l  s t o c h a s t i c  s y s t e m  c a n  be r e p r e s e n t e d  
b y  t h e  e q u a t i o n  
H e r e  r ( t , x )  i s  t h e  unknown random f u n c t i o n  w i t h o u t  a v e r a g e ,  i . e .  
( 6 ) .  The advection consists 
w .c 
o f  a n o n - r a n d o m  l i n e a r  p a r t  LI,and a r a n d o m  p a r t  L, t h a t  
h) 
n o n l i n e a r i t y  b y  b e i n g  r e l a t e d  t o  E ( t , x )  or b e i n g  a n o t h e r  r a n d o m  
f u n c t i o n .  The d r i v i n g  f o r c e  Y ( t , x )  m a y  b e  o f  an  e x t e r n a l  o r i g i n  
o r  be s e l f - c o n s i s t e n t  w i t h  F ( t , x ) .  A l l  t h e  f u n c t i o n s  may be r e a l  
or i m a g i n a r y ,  s c a l a r  o r  v e c t o r ,  on one  o r  more  d i m e n s i o n s .  Many 
s t o c h a s t i c  p r o b l e m s  i n  h y d r o d y n a m i c s  a n d  o p t i c s  c a n  be  d e s c r i b e d  
*. - 
Y 
- 
c -  
b y  t h i s  s t o c h a s t i c  s y s t e m .  F o r  s o l i t o n s ,  t h e  n o n l i n e a r  
S c h r o d i n g e r  e q u a t i o n  (1 )  i s  i d e n t i c a l  t o  (1281, b y  w r i t i n g  
d rcI 
Y = - i X  
w 
a n d  b y  u s i n g  ( 9 b )  a n d  ( 9 c )  as d i f f e r e n t i a l  o p e r a t o r s .  
(129) 
The D u f f i n g  o s c i l l a t o r  
m'i  t (a - p x 2 ) x  = Ut ) ,  (130) 
, i s  r e d u c i b l e  t o  t h e  
w - 
w i t h  c o n s t a n t  c o e f f i c i e n t s  m, r ,  a n d  p 
c u b i c  e q u a t i o n  
C r d Y  N 
(i I t  -y- 4 b A N ) E  = * X ... (131) 
by an e n v e l o p e  t r a n s f o r m a t i o n ,  w h e r e  i s  g i v e n  by ( 2 ) ,  a n d  '6, b 
a r e  c o n s t a n t  c o e f f i c i e n t s .  The K o r t e w e g - d e  V r i e s  e q u a t i o n  
b b3 "bt + u- ax +)r----q + Y ) U  = 0 
3 X  
( 1 3 2 )  
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c a n  be c o n s i d e r e d  as an a l t e r n a t i v e  t o  t h e  S c h r o d i n g e r  e q u a t i o n  
f o r  l o n g  waves .  Here ) and 3 are constants. 
A l a r g e  amount  o f  n u m e r i c a l  e f f o r t  h a s  b e e n  d e v o t e d  t o  
c a l c u l a t i n g  t h e  s o l i t o n  m o d e l s ,  a n d  f o u n d  t h a t  t h e  s i m p l e  o n e s  
t h a t  a r e  a n a l y t i c a l l y  i n t e g r a b l e  c a n n o t  d e v e l o p  c h a o s .  T h i s  h a s  
l e a d  t o  t h e  b e l i e f  t h a t  an i n t e g r a b l e  n o n l i n e a r  e q u a t i o n  c a n n o t  
d e v e l o p  c h a o s ,  as e x e m p l i f i e d  b y  t h e  S c h r o d i n g e r  e q u a t i o n ,  t h e  
K o r t e w e g - d e  V r i e s  e q u a t i o n ,  and  t h e  B u r g e r s  e q u a t i o n  i n  t h e i r  
r e s t r i c t e d  f o r m .  T h i s  c o n c l u s i o n  seems t o  be d i r e c t ,  a n d  c a l l s  
f o r  t h e  n e e d  o f  a c a u s a l  r e l a t i o n  b e t w e e n  c h a o s  a n d  e x i s t e n c e  o f  
s o l u t i o n ,  o r  f o r  a s t a t i s t i c a l  r e a s o n  why c e r t a i n  d y n a m i c a l  
p r o p e r t i e s  a r e  n e c e s s a r y  t o  p r o d u c e  c a s c a d e s  and m a i n t a i n  a b r o a d  
s p e c t r u m .  
The s t a t i s t i c a l  t h e o r y  a s  d e v e l o p e d  h e r e  may c l a r i f y  t o  some 
e x t e n t  t h i s  p r o b l e m .  A s  t h e  s t a r t i n g  p o i n t ,  we c o n s i d e r  t h e  
d y n a m i c a l  e q u a t i o n  ( 1 2 8 )  t o  d e s c r i b e  t h e  m i c r o d y n a m i c  s t a t e  o f  
t u r b u l e n c e .  The e q u a t i o n  h a s  t h e  d i f f i c u l t y  o f  b e i n g  n o n -  
homogeneous,  w i t h  t h e  c o n s e q u e n c e  t h a t  t h e  d r i v i n g  f o r c e  w i l l  
c a u s e  a h i e r a r c h y  o f  h i g h - o r d e r  moments  and i s  h i n d e r e d  t o  
p a r t i c i p a t e  i n  t h e  t r a n s p o r t  p r o c e s s e s  as  does  t h e  n o n l i n e a r  
o p e r a t o r .  To l i f t  t h i s  h i n d r a n c e ,  we u s e  a k i n e t i c  m e t h o d  by 
r a i s i n g  ( 1 2 8 )  t o  a h i g h  d i m e n s i o n ,  a n d  t r a n s f o r m  i t  i n t o  t h e  
m a s t e r  e q u a t i o n  (8). The n o n l i n e a r  o p e r a t o r  t h e n  b e c o m e s  
Y fi  1 = L&) + L N  + L y ,  
w i t h  
r, 
L y  f Y - 1 .  
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(133) 
( 1 3 4 )  
I 
The g r o u p - k i n e t i c  m e t h o d  d e r i v e s  t h e  k i n e t i c  e q u a t i o n  o f  
t u r b u l e n c e  and  e s t a b l i s h e s  t h e  s p e c t r a l  f l o w  i n  t h e  f o r m  (112).  
The g o v e r n i n g  t r a n s p o r t  f u n c t i o n s  a r e  t h e  c o u p l i n g  f u n c t i o n s  W , 
t h e  t r a n s f e r  f u n c t i o n  T f o r  t h e  r e v e r s e  c a s c a d e ,  t h e  t r a n s f e r  
f u n c t i o n  T N  f o r  t h e  d i r e c t  c a s c a d e ,  t h e  s o u r c e  L E  and  t h e  s i n k  5. 
The n o t a t i o n  (129) f o r  t h e  s o l i t o n s  i s  f o l l o w e d .  T h e  s o l i t o n s  
g a i n  e n e r g y  f r o m  t h e  p u m p i n g  X i n t o  E' b y  an amoun t  W o .  The 
e n e r g y  d e p o s i t e d  i s  a c c u m u l a t e d  t o w a r d  t h e  s m a l l  wavenumber  e n d  
o f  t h e  s p e c t r u m  b y  t h e  r e v e r s e  c a s c a d e  Tx and  i s  t r a n s f e r r e d  
t o w a r d  h i g h  w a v e n u m b e r s  a c r o s s  t h e  s p e c t r u m  b y  t h e  d i r e c t  c a s c a d e  
T N .  
0 
0 
K 
0 
0 
CI rc 
0 
0 
A t  t h i s  e n d  o f  t h e  s p e c t r u m ,  t h e  t r a n s f e r  f u n c t i o n  
s e r v e s  as a d r a i n  i n  s u c h  a w a y  t h a t  a c o l l i s i o n  c o e f f i c i e n t  i s  
f o u n d  and p l a y s  t h e  r o l e  o f  a " d i s s i p a t i o n "  i n d u c e d  b y  
t u r b u l e n c e ,  c a l l e d  " f l u c t u a t i o n - d i s s i p a t i o n . "  The e n e r g y  b a l a n c e  
b e t w e e n  t h e  r e v e r s e  c a s c a d e  and  t h e  i n s t a b i l i t y  o n  t h e  one hand,  
and b e t w e e n  t h e  c o u p l i n g  and t h e  d r a i n  on t h e  o t h e r  h a n d , e v e n  when 
t h e  s i n k  i9 i s  a b s e n t ,  d e t e r m i n e s  t h e  t w o  s u b r a n g e s  a n d  p r o v i d e s  a 
b r o a d  s p e c t r u m  o f  t u r b u l e n c e .  
I f  t h e  s o l i t o n  d y n a m i c s  i s  d e s c r i b e d  b y  t h e  homogeneous 
S c h r o d i n g e r  e q u a t i o n ,  i . e .  X = 0, t h e  s p e c t r a l  f l o w  i s  g o v e r n e d  
b y  t h e  d i r e c t  c a s c a d e  
U 
r 
0 b < E O 2  I > = - TN , w i t h  T L ) O  . 
t ' "  ( 1 3 6 )  
The c a s c a d e  can  n o t  f i n d  a d i s s i p a t i o n  t o  c o m p l e t e  t h e  t r a n s f e r ,  
e x c e p t  i n  a d e c a y i n g  s y s t e m ,  L e .  
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T h e  s t a t i s t i c a l  c o n s i d e r a t i o n s  a b o v e  h e l p  t o  d e t e r m i n e  t h e  
c r i t e r i a  o f  c h a o s .  
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